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Abstract

This paper serves two purposes. First, it provides estimates of an optimisation-
based equilibrium model with sticky prices and wages. Second, the estimated
model is used to analyse the welfare properties of various interest rate rules for
conducting monetary policy. As shown by Erceg et a (1999), an important feature
of this model isthat it involves atrade-off between the variances of price and wage
inflation and the output gap. This trade-off implies that it is desirable for the
monetary authority to respond to more than inflation, output and past interest rates
when setting the current interest rate. Indeed, the welfare optimal policy can be
approximated with responses to both price and wage inflation and the past interest
rate. By contrast, rules that call for a strong response to either detrended output or
the output gap result in much lower level of welfare.
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1. I ntroduction

Most recent work involving monetary policy rules has focused exclusively on the responses of interest
rates to inflation, output or past interest rates, eg the recent volume by Taylor (1999a).! The focus on
these three variables has been sufficient for the models, and typically ad hoc loss functions, used in
these analyses. In the context of optimisation-based models that incorporate only one nominal rigidity,
stabilising inflation at zero is Pareto optimal, and this equilibrium can be approximately achieved with
the simple policy of responding strongly to both current inflation and the past level of the interest
rate. However, once the welfare function of households involves a variance trade-off, eg, due to the
existence of a second nominal rigidity, it isno longer clear that policymakers can confine themselves to
looking solely at inflation and interest rates (and perhaps output). In this paper, we estimate a model
that incorporates both nominal price and wage rigidities to analyse whether in practice interest rate rules
restricted to respond to only inflation, output, and past interest rates are approximately optimal in aclass

of smplerules.

Our model features monopolistic competition and staggered price setting in both product and labour
markets. Households maximise utility by choosing consumption and setting wages in a staggered
fashion. Firms maximise profits by choosing pricesin astaggered fashion. Thisextension of the standard
optimising model used in recent analyses of monetary policy is compelling for at least three reasons.
First, evidence on staggered wage setting is at least as persuasive as evidence on staggered price setting.
Second, as demonstrated in Erceg (1997), staggered wage setting generates aflat marginal cost schedule
at the individual firm level, and hence persistent output effects of monetary shocks. Third, explicit
modelling of the wage setting behaviour of households allows us to estimate directly the elasticity of
labour supply, which figures prominently in household welfare and thus plays an important role in the

evaluation of policy rules.?

An important first step in our analysis is to estimate our model using data for the US economy.
Understanding the practical implications of various interest rate rules requires that we obtain estimates
of the structural parameters and shocks. To date, however, there exist only a few studies which estimate
optimisation-based models for monetary policy evaluation. In the light of the large recent literature

on monetary policy rules, we find the paucity of empirical structural models to be troubling in view

1

The most notable exceptionsin the analysis of optimal policy rules are models for small open economies that incorporate
exchange rates, eg Batini and Haldane (1999). In the structural VAR literature that seeks to identify the effects of
exogenous monetary policy shocks, and thus provides implicit models of interest rate setting, eg Bernanke and Mihov
(1998), monetary aggregates and commodity prices are also included.

2 Our model isavariant of the one used by Erceg et a (1999), where we have incorporated decision lagsin the consumption
and wage choices of households and the pricing decisions of firms. They show that nominal price and wage stickiness
together imply a variance trade-off between price and wage inflation and the output gap.
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of the Lucas (1976) critique. It is compelling to believe that agents will understand the nature of any
new policy regime offered in these analyses. Furthermore, since the underlying structural parameters
in an optimisation-based model play acrucia role in the welfare analysis of aternative rules, it isvital
that the values of these parameters have some empirical validation from macroeconomic time series.
Our estimation model is unique among those employed to analyse interest rate rules — whether based
on explicit optimising foundations or not — in that we utilise data on both prices and wages to obtain

estimates of the relevant inputs to our welfare analysis.?

We adopt and extend the estimation strategy of Rotemberg and Woodford (1997). The essence of this
approach is to obtain estimates of the structural parameters based on impulse response functions to
an exogenous monetary policy shock, and estimates of the structural shocks to replicate the remaining
time series features of our endogenous variables. In addition, we show that Rotemberg and Woodford's
methods are an example of minimum distance estimation, which provides us with standard errorsfor our
estimates. The advantage of this approach versus directly specifying stochastic processes for the shocks
and estimating the model by maximum likelihood, as in, for example, Kim (1999) and Ireland (1997,

1999), isthat it clarifieswhich moments of the data are crucial for determining the structural parameters.

The second part of our analysis focuses on the welfare properties of simple interest rate rules. One
contribution from this analysis is clarification of the role of output in interest rate rules. Most non-
optimising models build in a trade-off between the variances of inflation and the measure of the output
gap that policymakers are assumed to care about. Therefore, it isoptimal in these modelsfor the interest
rate to respond to the output gap. Conversely, the standard optimising model with only sticky prices has
no such trade-off.* Stabilising the output gap, ie stabilising only inefficient fiuctuations in output, can be
achieved by stabilising inflation because dispersions in output across firms are caused solely by inflation
in the presence of sticky prices. Erceg et a (1999) argue that the presence of a variance trade-off in a
model with both sticky prices and wages reintroduces arole for the output gap in interest rate rules and,
in particular, that monetary policy can nearly achieve the welfare optimal outcome by responding to both
inflation and the output gap. In contrast, we find that under our estimates for the structural parameters

and shocks, a strong interest rate response to the output gap can lead to severely suboptimal outcomes.

3 Inrecent work, Kim (1999) estimates an optimisation-based model that embeds both sticky prices and wages, but he does
not use data on wages in the formation of the likelihood function.

In non-optimising models, the output gap is constructed, both conceptually and empirically, as deviations of output from a
smooth trend, whereas, in optimizing models, the notion of potential output is different, sinceit isidentified as the Pareto
optimal, or efficient, level of output, which in general could be very volatile. Both output itself and the efficient level of
output are assumed to evolve around (the same) deterministic steady-state path, which in practice is taken to be alinear
trend.



Looking ahead to our most important results, we obtain estimates of the intertemporal elasticity of
substitution in consumption and the elasticity of labour supply that are in line with evidence from panel
data. Our estimate of the markup in goods markets is higher than the labour markup and both are below
20%. The key implication of our estimates for policy is that near optimal outcomes can be achieved by
having the interest rate respond to both price and wage inflation, as well as the lagged interest rate. The
optimal response to output, whether measured as a deviation from the steady state, ie detrended output,
or asthe output gap, ie the deviation of output from its Pareto optimal level, is negligible. Our estimated
version of a sticky price and wage model does not overturn a striking result obtained by Rotemberg
and Woodford (1999) in a model with only nominal price rigidities, namely, that substantial inertiain
interest rate setting is desirable. Furthermore, contrary to the conclusions of Erceg et a (1999), having
the monetary authority respond to only inflation and the lagged interest rate does not lead to a substantial

declinein welfare.

The remainder of the paper is organised as follows. Section 2 introduces the model. Section 3 presents
our estimation methodology and results. Section 4 decribes the welfare function of the respresentative
household. Section 5 analyses the welfare properties of ssimple interest rate rules. Section 6 concludes.

An appendix provides approximations to the model equations and the welfare function.

2. M odél

In this section, we introduce astructural model of priceinflation, wage inflation and output determination
similar to the model developed in Erceg et al (1999). Real effects of monetary policy in this model are
due to imperfect competition and staggered price and wage setting in goods and labour markets.

The economy consists of acontinuum of households and firms, and thereisacontinuum of differentiated,
perishable goods and differentiated kinds of labour services. Each household isthe monopolistic supplier
of one kind of labour service, and consumes a CES aggregate of al the differentiated goods. The
household sets a nominal wage for its labour services, and supplies as many hours as are demanded at
its chosen wage. Each firm is the monopolistic producer for one good, and uses a CES aggregate of
households' labour services in the production process. The firm sets a price for its good, and satisfies
demand at this price. Because the analysis focuses on the effects of monetary policy at the business

cycle horizon, capital accumulation is not modelled.
Household i's utility is defined over theindex C¢, where

1 =
) i = [ /0 ci(z)Tldz]
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z denotes a specific good, and # > 1 parameterises the elasticity of substitution in the household’'s
preferences between the various goods. As 6 gets large, goods become ever closer substitutes, whereas
if 8 approaches 1 from above, goods are less and less substitutable. Hence 6 also measures the market

power of each of the firms located on the interval [0,1], with market power decreasingin 6.

The * consumption-based price index” is defined as

1 =
2 P = [/ pt(z)l_odz]
Jo
The price index P, denotes the minimum amount the household has to spend to obtain one unit of

the composite good C; defined in (1). Maximising the index (1) for a given level of consumption

expenditure, the household allocates consumption across individual products according to

@ i) = | 2] e

Household i is the sole supplier of labour services k', and its objective is to maximise
(4) Ey [i B'(u(Cf; &) — v(h; Ct))]
t=0
subject to a demand schedule for its labour services and the budget constraint
) Ey[61404147 1] < A} + Wihi + 11, — PC}

Within each period, the household derives utility «(-; ;) from consumption C} as defined in (1), while
supplying hours Ri reduces utility, as indicated by the function v(-;¢,). In the budget constraint, P,
denoates the price index defined in (2), and A; denotes the nominal value of the household's holdings
of financia assets at the beginning of period t. W} is the hourly wage that household i charges, and
IT; the household's share in firms' profits, which we assume are distributed lump-sum to households.
¢+ 1s astochastic discount factor, pricing in period ¢ assets whose payoffs are in period 7. Financial
markets are assumed to be complete, and in particular there exists a riskless one-period nominal bond,
the gross return on which is given by R; = (E;8,4+1) *. The stochastic disturbance &, is interpreted
as a preference or “demand” shock, while ¢, is a disturbance to labour supply. The household’s choice

variables are consumption and hours or, given the demand function for its labour services, its wage.

Firm z is the monopolistic supplier of good z, which it produces according to the production function

(6) yi(z) = €M K Hy(2)" ¢



where 7, denotes a stochastic technology disturbance, the capital stock employed by each firm is fixed
at K, and the firm’s labour input is a CES aggregate of different households’ labour services

1 L p—
U ) = | [ hie
0
The parameter ¢ > 1 characterises the easticity of substitution between the various types of labour

services. The wage index W, is defined as

1

© wi= [ovpa)

0
Maximising the index (7) for a given level of wage payments, firm 2 allocates demand for individual

labour services according to

© %@{W

}émw

Aggregate demand for output isdefined asY; = C,+ Gy, where C; = jbl Cidi, and Gy isan exogenously
given component of demand for output, which is assumed to be determined one period ahead. Assuming
that GG, is dlocated across the different goods by maximising an index defined analogously to the

consumption index (1), the demand faced by firm z is given by

(10 wi) = [Py,
e
Anaogously, by integrating (9) across firms, the demand for its labour services faced by household i is
G
i Wy
(11) m{@}m

where H; = jol Ht(z)dz.

We now characterise households' utility-maximising consumption and wage decisions, and firms' profit-
maximising price choices. Because we wish to use solution methods for linear rational expectations
models, the equilibrium conditions we use are log-linear approximations to the exact, non-linear first-
order conditions of households and firms. For reasons discussed in Woodford (1999a), the welfare
analysis later on is facilitated by log-linearising around the efficient steady state, ie the steady state
corresponding to a situation without market power and nominal rigidities in goods and labour markets.
The efficient steady state level of output is determined by the condition that households marginal rate
of substitution between labour and consumption equals the marginal product of labour, ie

on(H (?z; 0)
u.(Y — G;0)
where Y and G denote the steady state values of output and exogenous demand respectively. The

(12) =(1—a)(Y/K) ™=

presence of market power of households and firmsimpliesthat, in the absence of some offsetting policy,

the steady state output level is below this efficient level of output. To justify log-linearising the exact



equilibrium conditions around the efficient steady state, below we will have to assume that tax policies
arein place which offset the inefficiencies caused by imperfect competition in goods and labour markets.

Furthermore, we log-linearise around a steady state in which there is zero price and wage inflation.

Households are assumed to choose their consumption purchases two periods ahead, ie C is chosen in

t — 2.5 The decision lag for consumption implies that the household's Euler equation takes the form
(13) Eue(Cly0;€pa) = By 9P

where \! denotes household i’s marginal utility of income at date ¢. Since households are free to take

investment decisions each period with immediate effect, A; hasto satisfy
(14) )‘t - ﬁEt {Rt)\H»l]

Dropping the superscript ¢ implicitly assumes that, because of complete markets, households insure
themselves against al idiosyncratic risk, and therefore the path of consumption is identical across
households. Let )\; denote the percentage deviation of A\, P, from its steady state value. Then the log-

linear approximation of (14) is

(15) N = B [Rt — Tyl + 5\t+1]
(16) = Z Ei[Ryp — 7y 1]
T=t

where R; is the percentage deviation of the interest rate from its steady state value consistent with zero
inflation. The log-linear approximation of the Euler equation (13) istherefore
17 — 6 E[Crya — &4 = Z B[Ry — 7144

T=t+2
where C; = (C, — C)/C denotes the percentage deviation of consumption from its steady state value
C, & = ~ucee(C)C/uc(C), an
& =—(u £ (C) Juc(C)O)E, isthe disturbance to the marginal utility of consumption.

L og-linearising aggregate demand around the steady state yields

(18) Y, = 5.C + Gy

5 Although this choice of decision lag is somewhat arbitrary, it is no more arbitrary than choosing to specify our model at

a quarterly frequency - or, for that matter, any frequency - in the absence of compelling evidence to the contrary. Asin
Rotemberg and Woodford (1997), we choose atwo-quarter lag to match the timing of the maximum impact of a monetary
policy shock on output in our model to that in the VAR. Instead, we could introduce and estimate a free parameter that
captures the average decision lag of households due to, eg, time-to-build constraints.



whereY; = (Y; - V) /Y, G; = (G: — G)/Y, and s, = C/Y. By substituting from the log-linearised
aggregate demand equation for C;, the Euler equation can be written as
(19) Vi=—0"1E 4 Z[RT — 4] + Gy

T=t
where o = 6/sc = —uee(C)Y Jue(C), and Gy = Gy + scE;_2€,. Equation (19) is the model’s “1S
equation”.

The assumption for wage and price adjustment we use is Rotemberg and Woodford's (1997) variant of
Calvo’'s (1983) staggered price setting. Each period, afraction 1 — A of householdsis chosen, at random
and independent of their individual histories, and is offered the opportunity to set a new wage. Hence,
from the perspective of an individual household, the wage set in period ¢ applies with probability 1 in
period ¢, with probability \ in period ¢ + 1, with probability A% in period ¢ + 2 and so forth. Rotemberg
and Woodford assume furthermore that at the end of period ¢t — 1, afraction v* of those householdswho
choose a new wage can apply this wage beginning at date ¢, the remaining fraction 1 — ~* applies this
wage beginning at date ¢ + 1. Let W' denote the wage chosen in ¢ — 1 by those househol ds whose wage
comes into effect in period ¢, and let W;? denote the wage chosen in ¢ — 2 by those households whose

wage comes into effect in t. The aggregate wage level is then given by

(20) We = AW 4+ (L= NP (WO 2+ (1= ) (1 =) (W) 9]

The wage W} is chosen to maximise

e 1\ —¢ 1\ —¢
@) B> 08T [Aﬂlww)Wé (%) HT—<<%> HT;cT>

T=t

Since the wage chosen at the end of period ¢ — 1 will apply at time ¢ with probability 1, at time¢ + 1
with probability A and so forth, the household discounts utility in future periods conditional on W} still
applying by (\3)7—t. Marginal utility of income at any point in time is the same across households.
Therefore, the household's utility from charging wage W} in period T is given by the product of
marginal utility of income and earnings (the first term in brackets) less the disutility from supplying
(W}/Wg)~? Hr, the number of hours demanded at wage W' and aggregate wages and hours 1 and
Hr (the second term in brackets). 7, denotes a subsidy for employment. By choosing 7, = (¢ — 1)1,
the effect of imperfect competition in labour markets on the steady state output level can be offset.

The first-order condition for ;! can be expressed as

oo

1\ —¢
Et_lz(Aﬁ)T_t<%> Hr

T=t

1\ —¢ _ 1
(22) ) {“h ((%) HT;CT> - ¢¢ 1)\TPT(1 +Tw)‘;/—; =0




Households choose their nominal wage in period ¢ — 1 such that the discounted sum of expected future
real wages (1 + 7.,)W}' / Pr equals the discounted sum of expected future marginal rates of substitution
between consumption and leisure Uh(htl,T; Cr)/(ArPr) times a markup %, where we used h,}yT as

shorthand for the number of hours supplied in period T at wage W}

In the Appendix, we derive alog-linear approximation to this first-order condition. Using this log-linear

approximation aswell asthe corresponding relation for 172 and thelog-linear approximation of the wage

index (20), we obtain the following law of motion for the rate of wageinflation 7" = log(W;/W;_1):
my = (1= )Ei_omy’

kY(1—a)

(23) +* |k (Ve — YY) — ctol—a)

(W + vi—1) + BE—1m

The parameter w = vy, (H;0)H /v, (H; 0) measures the elasticity of the disutility of labour supply at
the steady state level of hours H. The coefficient
(1-N(1-X3) w+o(l—a)

w

B A (14 ¢w)(1—a)
describes the elasticity of wage inflation with respect to the gap between actual output Y; and
cw 1—a w ~ A
24) Yo = w+o(l —a)Et_1 1 —ant+w<t+aGt

the level of output consistent with stable wage inflation. The coefficient v = v*“ /(1 — 4% (1 — X))
equals 1 for v = 1, the case in which all wage adjustments are effective the following period. The
term w; = log(W;/P;) denotes the percentage deviation of the real wage from its steady state. Positive
deviations of the real wage from steady state reduce wage inflation. Finally,

vi1=E Y (R —mri) — B2 Y (Rp —mria)
T=t =

istherevisionfromt—2 tot—1 expectations of thelong-term real interest ratein period t. Such revisions

reduce wage inflation because they raise the returns households expect from their future earnings.

Price adjustment by firms is modelled analogously to wage adjustment by households. Each period, a
fraction 1 — « of firmsis chosen, at random and independent of their individual histories, and is offered
the opportunity to adjust their price. At the end of period ¢t — 1, afraction «? of those who choose anew
price can apply this price beginning at date ¢, the remaining fraction 1 — ~? applies this price beginning
at datet + 1. Let p; denote the price chosenint — 1 by those firms whose price comes into effect in
period ¢, and let p? denote the price chosen in t — 2 by those firms whose price comes into effect in t.

The aggregate price level isthen given by

L

(25) Py = [aP + (L= a)yP(p)' ™ + (1 = a)(1 =27)(p) 7]



The price p} is chosen to maximise

(3] 1\ 0 1\ 0 gy

T—t 1( Pt pi Yr

(26) Ei 1 TZ:tOé ot I:(l + Tp)Py (P_T) Y — Wy ((P_T> 677—T> :|
Since the price chosen at the end of period ¢ — 1 will apply at time ¢ with probability 1, at timet + 1
with probability o and so forth, the firm discounts future profits conditional on p} still applying by
aT—tét,T, where 6, 7 is the stochastic discount factor introduced in (5). The first term in brackets
denotes revenues in period T at price p;, the second term the firm’s labour cost implied by the level of
output that is demanded in period 7" at price p;. T, denotes asubsidy for producing output. By choosing
T, = (0 — 1)71, the effect of imperfect competition in goods markets on the steady state output level
can be offset.

The first-order condition with respect to p; can be written as

s 1

§ : - Pt
Fi_1 OtT t(st,T <—>

T=t Pr

0 J—— 1\ —0 ﬁ
1+ Tp)p% ~9-1 1(1 —a) 161_*%WT ((%) YT> =0.
- T

Firmsset the pricein period ¢t — 1 such that the price, adjusted for the subsidy, equals aweighted average

0
Yr

(27) -

of expected future marginal cost at the level of output demanded at price p}, times amarkup %

A log-linear approximation to thisfirst-order condition is derived in the Appendix. Using thislog-linear
approximation aswell as the corresponding relation for p? and the log-linear approximation of the price
index (25), the law of motion for the rate of priceinflation 7 = log(P;/P;—1) isgiven by

(28) T = (1 — YP)Ey_omy + 0P |KP(Y; — YP) + @

Wy + BE_1Ty41| -
The coefficient
(1—-a)(1—-ap) a

Q 1—a+6a A
denotes the elasticity of price inflation with respect to the gap between actual output Y; and

kP

(29) VP =a'E_n,

the level of output consistent with stable price inflation. The coefficient ¥ = +Pa/(1 — +P(1 — «))
equals 1 for +? = 1, the casein which all price adjustments are effective the following period. Unlikein

thewage inflation equation, positive deviations of thereal wage from steady stateincrease priceinflation.

In addition to the IS and wage and price inflation equations, a fourth structural equation is necessary to
determine the paths of the four endogenous variables {Y;, w;, 7, R;}. For the estimation of this model,

monetary policy is assumed to be described by a feedback rule for the one-period nominal interest rate



of theform , ) , ,

(30) Re=> B i+ e k+ Y opm k+ > 06Vi g+ e

To summarise, the modgl:clzonsi sts of trk{g ?S equation ﬁg) the Wag(—éC i:r?ﬂation equation (23), the price
inflation equation (28) and the feedback rule for theinterest rate (30). Except for stochastic disturbances,
wage and price inflation in this model are predetermined one period ahead, output two periods ahead.
The structural disturbances of the model are G, Y, Y7, and ¢;. The first three of these shocks are
themselves predetermined one period ahead, and so are wage and price inflation and output. The model
parameters are the structural parameters, 3, o, w, a, ., 0,~4P, A, ¢, v, and the parameters of the feedback
rule (30).

3. Estimation

This section discusses and presents results of estimation of the model parameters and the shocks. We
adopt the estimation strategy of Rotemberg and Woodford (1997), which we mativate as an example
of minimum distance estimation. The estimation process has three steps. The first step is to construct
and estimate a vector autoregression (VAR) for the model’s four endogenous variables. This provides
estimates of the interest rate rule (30). The second and third steps are to choose the model’s structural
parameters and structural shocks, respectively, based on subsets of the first and second moments of
our data series as captured by the VAR. In particular, the structural parameters are chosen so that the
responses of the endogenous variables in the model to an exogenous monetary policy shock, ¢;, match
as closely as possible the responses estimated from the VAR. Given the estimates of the VAR and the
structural parameters, the shock processes are chosen so that the model responses of output, inflation and
the real wage to perturbations in the three unidentified shocks in the VAR match exactly the responses
of those variables in the VAR to the shocks.® We elaborate on this approach below before turning to a

discussion of the results. First, we describe our data.

3.1 Data

Our data set is for the United States. It is comprised of quarterly observations on real (chain-weighted)
GDP, the GDP deflator, compensation per hour in the non-farm business sector, and the federal funds
rate.” Because we wish to identify the historical interest rate rule from the VAR, it is important that

the VAR be estimated over a sample period in which policy can be characterised by an interest rate rule

[

In fact, since the shock processes must be specified in order to solve for the rational expectations equilibrium, and
because the shocks are constructed from estimates of the structural parameters, the structural parameters and shocks are
determined jointly.

Quarterly values of the federal funds rate are computed as within-quarter averages of (effective) daily rates.

10
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with constant coefficients. Several empirical studies of US monetary policy have identified a change in
policy behaviour around the beginning of the Volcker chairmanship in 1979 (eg Clarida et a (1998)).
By contragt, policy since the disinflation of the early 1980s has displayed a high degree of stability in
the sense of being well described by arule like (30). We therefore choose a sample period ranging from
1980:Q1 to 1997:Q4.

We present empirical resultsin terms of the real wage instead of wage inflation because we find impulse
responses of the real wage more convenient to interpret and, in other work, the effects of monetary policy
on wages are measured as effects on real wages, not wage inflation. Given our definition of variablesin

the previous subsection, thetwo are linked by 7}" = @y — w1 + T¢.

To express the datain away conformable with the theoretical series {}7,5, Ty, Wy, Rt} of the moddl, real
GDP islogarithmised and a linear trend is removed, inflation is computed as log first differences of the
GDP deflator, thereal wage is computed as the logarithm of compensation per hour defiated by the GDP
deflator and a linear trend is removed, and the federal funds rate is expressed at a quarterly rate. Let
{yt, ™, w, 7+ } denote these series, which are conformable with their theoretical counterparts up to a

constant.

3.2 | dentification and estimation of the VAR

The theoretical model implies that, because they are predetermined, output, inflation and the real wage
are not contemporaneously affected by an interest rate innovation, while the form of the interest rate rule
(30) allows for contemporaneous feedback from output, inflation and the real wage to the interest rate.
This is sufficient to identify the parameters of the historical interest rate rule and the series of interest
rate innovations {e;}. L&t Z, = (r¢, w1, Tet1, 1), and let Z, = (Z}, Z!_|,Z,_,)'. Thereason for
defining Z; in this manner is that the elements of Z; all belong to the period ¢ information set, since
output, inflation and the real wage are predetermined. The structural form of a VAR(3) in Z; can then
be written as

(31) TZi=m+ AZ;_1 + &

where T is an identity matrix with a lower triangular 4 by 4 submatrix in the upper left corner, the first
four rows of A contain coefficients, and the last eight rows of the VAR are identities. Accordingly, the
last eight elements of é; are zeros. The first four elements are mutually orthogonal, so that the first four

diagona elements of the covariance matrix V' of e; are distinct from zero, and all remaining elements
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of V are zero. Under our identifying assumption, the first row of A contains the coefficients of the

historical interest rate rule (30), and the first element of ¢; ise;.8

Table 1
Estimates of reaction function in VAR

i 049 || iy | -0.04 || pn3 | 0.2
e -0.06 || v, | -0.02 | v, | 0.01
b0 008 | ¢, | 004 | ¢, | 0.56
0o 059 || 6; | 0.04 | 62 | -0.46
S i | 065 || o | 0.78

The recursive structure of the VAR alows us to estimate the equations in (31) by the OLS method.
Table 1 shows estimates of the reaction function (30). While it is difficult to interpret estimates from
a reduced-form equation such as (30), it is worthwhile to point out that the sum of coefficients on
lagged federal funds rates is 0.65, implying that monetary policy exhibited a great deal of inertia over
this period.” As we will see below, and for essentially the reasons articulated by Woodford (1999b),
an even greater degree of inertia in interest rate setting is desirable. The solid lines in the panels of
Figure 1 show the estimated impulse responses of output, inflation, the real wage, and the interest
rate to an exogenous increase in the interest rate of 1%. The dashed lines are two standard deviation
confidence intervals.!® Due to our identifying assumption, output, inflation and the real wage do not
respond during the quarter of the interest rate innovation. Output hardly responds during the following
quarter, then fals in the second quarter after the innovation, before gradually returning to its original
level over the following eight quarters. Inflation initialy reacts faster than output to the innovation, but
then oscillates between negative and near zero values, returning more sowly to its original level. The
real wage responds very little at first, before turning negative in quarters three and four after the shock

and positive thereafter, again slowly returning to its original level.!! A caveat to these results is that the

8 Aspointed out above, the series {y;, ¢, w, r } are conformable with their theoretical counterparts up to constants. By

including the constant m in the VAR, the coefficients in the first row of A can be interpreted as the coefficientsin (30).
Our estimate of inertial policy does not necessarily imply that the Federal Reserve had a smoothing motive in setting
interest rates. The lagged interest rates could simply be proxies for missing variables which themselves exhibit a high
degree of seria correlation (see Amato and Laubach (1999)).

The algorithm used for bootstrapping the confidence intervals is that of Berkowitz and Kilian (1996).

Remarkably little work has been done on the response of wages to exogenous monetary policy shocks. Two notable
exceptions are Christiano et al (1997) and Leeper et a (1996). Using different identifying assumptions and econometric
methods, both sets of authors nonetheless find a weak response of the real wage to a monetary policy shock similar to
what we find up to five quarters after the shock. Asin Figure 1, these studies also report periodsin which the responseis
positive, while the hypothesis of no response in any period cannot be rejected at standard levels.
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uncertainty around all four impulse response functions is considerable, although the wide confidence
intervals do not necessarily imply that all parameter estimates based on matching the impul se response

functions will be similarly uncertain.

33 Estimation of structural parameters

The information about the second moments of the series is summarised in the matricesT, A and V. To
illustrate how the structural parameters and shocks are obtained from estimates of these matrices, some
notation may be helpful. Let L; denote a quadratic form describing the differences between the four
variables impulse responses to a monetary policy shock implied by the model and those estimated
from the VAR, and let L, denote a quadratic form describing these same differences between the
impulse responses to é;, e3; and é4;. Furthermore, let P, denote the vector of structural parameters,
ieo,w,a,a,0,7 X\ ¢,v*, and let P, denote the vector of parameters characterising the processes
{Gy, Y YP}.12 Note that the structural disturbances {G;, Y}, Y7}, because of their interpretation as
shocks to aggregate demand and potential output, do not necessarily have to bei.i.d., but may follow
amore complex process.'? With this notation, the problem of estimating the structural parameters and

shock parameters can be described as

(32) }gﬂilgl Li(Py, P2) + Lao( Py, P)

A first observation is that, if the structural disturbances {G;, Y;, Y} are exogenous and orthogonal
to {e;}, the impulse responses to the monetary policy shock do not contain any information about the
structural disturbances, and hence L, depends on P; only. Second, Rotemberg and Woodford show that
for any choice of P, the structural disturbances can be chosen such as to perfectly match the impulse
response functions to innovations in these shocks implied by the model to the VAR's impul se responses
to &yt €3¢, and 44, i€
min Ly(Pr, o) = 0 VP

These two observations prompt us to estimate parameters P; by minimising L, and then compute
P, such that Lo = 0. Furthermore, write Li1(P1) = g(P1; Y1) g(P1; Yr), where the distance
function g(-, -) isavector-valued function containing the differences between the model’sand the VAR’s
responses of all four endogenous variables to amonetary policy shock and Y contains a history of the
data. Then the estimator of P; obtained from minimising L1 (P;) isaminimum distance estimator with

an identity weighting matrix.

12 Asdiscussed below, we can obtain an estimate of 3 from the first moments of the data as captured in the vector m.

For illustrative purposes, the specification of P» presupposes that some assumption about the functional form of these
processes has been made.
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Turning to identification of the structural parameters, notethat 3 can be recovered from the first moments
of the data. Since 5! is the steady state gross real rate of return in our model, and the average ex post
real interest rate in our sample is 1% (on a quarterly basis), we set 3 equal to 0.99. Unfortunately,
ingpection of the model equations (19), (23) and (28), reveals that not al of the other parameters are
separately identified. The three parameters o, 6 and +? appear in the model only through P and 4" in
the price inflation equation (28); therefore, at most two of these parameters can be estimated. Likewise,
we can estimate only two of the three parameters A, ¢ and v*, since they appear in the model only
through <% and " in the wage inflation equation (23). Based on several survey studies, we follow
Rotemberg and Woodford by setting « = 0.66, which implies that prices remain unchanged on average
for three quarters. Similarly, we impose A = 0.66. Although ~+?,~+" and w are each identified (given
values for o and ), theratio 4% /4P and w are not separately well-determined from the data. Since the
value of w has much stronger implications for the welfare analysis to follow, we fix v* = ~?, which
has the interpretation of imposing equal measures of exogenous rigidity in prices and wages (under
the assumption o« = )).!* Of course, since it is ¢? and " that are separately identified, and not ~?
and 1", fixing v /~P is somewhat artificial. We could change the values for « and A, thereby getting
different estimates for v2 and %, without affecting the fit of our model. Finaly, following Rotemberg
and Woodford (1997), we set a equal to 0.25. Due to the presence of monopolistic competition, a
equals one minus the product of labour’s share in firm z and firm z's price markup. Our choice of a
will prove to be consistent with a steady-state labour share of 0.63. Given these values, the remaining
parameters o, w, P, kP and k¥ are estimated by the minimum distance method described above. We
seek to minimise the difference between the model’s and the VAR's responses for al four endogenous

variables during quarters 1 to 5 following a monetary policy shock in quarter O.

The estimates for o,w,?, kP and k%, and the implied values for v*, 6 and ¢, are displayed in Table
2 (standard errors are in parentheses).!® The estimate of o implies an elasticity of intertemporal

substitution of consumption of 3.9. This is larger than what has been found in the non-durable

14 The unrestricted estimate of w is-0.1 and v* /~? is 0.3. However, thereis only a 0.1% difference between the objective

attained in unrestricted estimation and that obtained by imposing the restriction v /4* = 1. The parameter ~* islargely
determined by the first-quarter response of inflation to a shock, but the ratio v* /+* affects the entire path response of
the real wage to shocks, as does the parameter w. Increasing v* /+* ceteris paribus has the effect of strengthening the
response of the real wage to a monetary shock, especially early on (since, in this case, wages respond more quickly to the
shock than prices), while increasing w ceteris paribus has the opposite effect on the response of the real wage, with a
relatively bigger impact in later quarters (since workers are less willing to substitute labour over time, which is especially
binding in the presence of sticky wages in the short term).

Standard errors are calculated from the asymptotic covariance of the minimum distance estimator. An estimate of
the covariance matrix of the distance function g(P1, Yr) can be obtained from the covariance matrix of the impulse
response functions estimated from the VAR under the hypothesis that our structural model is correctly specified. Asin
the calculation of the standard errors displayed in Figure 1, we estimate this covariance matrix using the algorithm of
Berkowitz and Killian (1996). The Jacobian of g(P1, Yr) with respect to P; is evaluated numerically at the parameter
estimates.
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consumption literature and what is typically assumed in the real-business cycle literature (eg values

between one-half and one), but it is smaller than Rotemberg and Woodford's estimate of 6.25. However,

Table 2
Estimates of structural parameters

Parameter | Estimate | Standard error

g 0.99 0.001
o 0.26 0.09
w 0.2 0.69
P 0.56 0.11
KP 0.019 0.004
KY 0.035 0.012

6.27 1.95
o) 8.48 6.03

since the variable C in our model — as in Rotemberg and Woodford’s — proxies for al interest-rate
sensitive components of output, and not just non-durable consumption, a value higher than one appears
justified. The standard error of o is0.09, indicating that thisvalue isfairly well determined by the data,

as one would expect from the closeness of fit of the model’s output response to the VAR's.

If wages wereflexible, our estimate of w would imply aFrisch elagticity of labour supply of 5.0, whichis
about half the size of Rotemberg and Woodford's estimate.'® The plausibility of our estimate is difficult
to determine from the micro panel data literature, since the functional forms used in that literature are
based on first-order conditions derived in a setting with flexible wages. Nonetheless, our estimateis only
dlightly larger than the highest estimate presented by Mulligan (1998). The standard error of w is quite

large, but standard-sized confidence intervals still rule out awide range of interesting cases.

The estimate of <P implies a steady state markup of prices over marginal cost of 19%, which is quite
similar to Rotemberg and Woodford's value of 15%. Finaly, the estimate of x* implies a steady state
markup of the real wage over the marginal rate of substitution of 13%, which, as with our estimate of

the steady state price markup, is neither so low nor so high as to be regarded as implausible.

16 The easticity of labour supply is not separately identified in Rotemberg and Woodford’'s mode!, even though a similar

quantity implicitly appears in their parametrization. Instead, they derive an estimate of this elasticity based on their
estimate of o and calibrated values for a and the elasticity of the average real wage with respect to variations in output
that are orthogonal to preference and technology shocks.
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Figure 2 presents the impul se responses of the four endogenous variables to a monetary policy shock in
the model (solid lines) and the VAR (dashed lines). Overall, over the first five quarters after the shock,
the responses of the model closely match those of the VAR. The main discrepancies are in the inflation
and real wage responses, primarily from the fact that the model cannot replicate, for any parameter
values, the hump in inflation three to four quarters after the shock and the hump in the real wage two

quarters after the shock.

34 Construction and estimation of shocks

Rotemberg and Woodford (1997) provide a convenient method for choosing the shock processes, given
estimates of the structural parameters. Let Z; denote the model’s predictions for the series of endogenous
variables, while Z; denotes the actual observations of the variables over the sample. Later, when the
model is used for simulations, Z; and Z; will clearly not coincide. For the purpose of estimating the
model under the historical policy rule, however, one would wish Z; to match Z; as closely as possible.
The law of motion for Z; can be obtained by premultiplying the VAR by 7!, which yields the reduced
form

(33) Z;=b+BZ,_1+T 'e.

After quasi-differencing and leading by one period, the model’s | S equation can be written as

(34) M'Zy = (M' 4+ NYE;_1Z41 + Gip1 — By 1Gisn

while the equation for wage inflation, after leading by one period, can be written as

i _ w . ol—a)
(35) P'Ey 1Zy+ REZi =Y, + mEt(GHQ — Gi1)

and, similarly, the equation for priceinflation, after leading by one period, can be written as
(36) V'E 1 Zi+ W E Zyy =Y,

where M, N, P, R,V and W are vectors containing the structural parameters. Suppose it were possible
to choose {G, Y;*, Y} such that the law of motion for {Z;} implied by equations (34)-(36) coincides
exactly with the lav of motion for {Z;} implied by (33). In this case, the model-consistent, ie
rational expectations, in equations (34)-(36) coincide with the expectations implied by the VAR, ie
E;Zi ., = B*Z,. Conversely, by substituting Z for Z and the expectations implied by the VAR for
the model -consistent expectations in equations (34)-(36), one can solve for the processes {G;, Y, Y7}
with the property that Z, = Z, Vt. Infact, given the identification of the series {¢;} with {&;}, al that is
required isthat the model’s implied values for output and price and wage inflation match perfectly those
in the data, since then the estimated interest rate rule implies that the model’s predicted interest rate is
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aso identical to the historical process. The processes that achieve this are given by

(37 [ét+17 ?;Uﬂaffgﬂl = CZi1+Dey
[ M'—N'B(I - B)™*
C = | P4+RB-;27%(N'B-M'(I-B)) | B
I V'+W'B
i M
D = | RB+;3=2(M'(I-B)+ N'BXI-B)") | U.
I W'B

Note that the processes { G, Y;, Y} so defined depend on the entire vector &;, which impliesthat they
are not orthogonal to &1;. However, orthogonality of {G;,Y;, Y} to the monetary policy shock is a
requirement of the theoretical model, as well as necessary in order for the model’s implied impulse
responses to a monetary policy shock to be independent of the structural disturbances. Hence, in
congtructing {Gy, Y;*, YF}, &y, is set to zero at al times. This prevents the model from perfectly
replicating {Z;}, but the structural disturbances till have the property that the variables responses
to éay, e3¢ and e4; implied by the model perfectly match those from the VAR. Hence, Lo (P, P») = 0 for

any value of P.

A variable that will figure prominently in the welfare analysis in the next section is the Pareto-efficient
level of output, Y2, the value of output that would obtain under completely flexible prices and wages. In

our model, the Pareto-efficient level of output, or potential output, is given by

- wHo(l—a) 4 w+o(l—a) .
Ye: Yw 1— Yp
(38) Y wtato(l—a) ! +< wra+o(l—a))?

where fff is expressed as a percentage deviation from Y. More precisely, due to the two-quarter lag
in implementing consumption decisions, the variable that figures explicitly in the subsequent welfare
analysisisthe (two-quarter-ahead) expectation of the output gap, E; o (Yt — f/;e) . The standard deviation
of the expected output gap over our sampleis 3.70, considerably higher than that of expected detrended
output (2.17), but smaller than that of expected efficient output (4.90), dueto astrong positive correlation
(0.7) between expected detrended and efficient output. Whether these features of output are desirable
attributes of monetary policy depends upon what affects the welfare of the representative household. To

this issue we now turn.

4, Welfare

Earlier we emphasi sed the fact that deriving astructural model from individual optimising behaviour has

the advantage that the coefficientsin the resulting model equations have a structural interpretation and, if
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the model is correctly specified, should remain invariant under aternative policies. A second advantage
of an optimisation-based model isthe ability to perform welfare comparisons between aternative policy
rules, in that the representative household’s lifetime utility provides a model-consistent evaluation
criterion. This section provides an approximation to the lifetime utility of the representative household,
expressed in terms of aweighted sum of the variances of the endogenous variables. This approximation
facilitates the evaluation of the welfare consequences of alternative policies, which is the subject of the

remainder of this paper.

4.1 An expression for the representative household’swelfare

The criterion to be used for evaluating aternative policies is the representative household's welfare,

which can be expressed as

1
(39) W= E[Zﬂt< e~ | v(h;’;ct)dz')

This objective is the unconditional expectation of the household's lifetime utility (4), where the

expectation is taken over all possible histories prior to date zero. Due to the assumption of perfect
insurance among households, consumption is identical across households, and hence the first term
inside parentheses in (39) does not have a household index attached. The second term in parenthesesis

understood as an average over possible histories of households' opportunity to change their wages.

In the Appendix, we derive a second-order Taylor approximation of (39) around the same steady
state considered in the log-linear approximations in Section 2. This second-order approximation has
the advantage that it can be evaluated in terms of the log-linear approximations to the model’s exact
equilibrium conditions derived in Section 2. Specifically, the approximation can be expressed as

W = —Q|var(m)+ WP — Dwar(r, — E_am;) + (Emp)?
+  car(BE_o[Y; — Y§)])
(40) + cofvar(r) + (" — Doar(n} — Br_omf) + (Eﬂ%”)Q}}

(41) = —QL+ (14 c)7?
where €2, ¢; and co are combinations of the model’s parameters, and

L = war(m)+ (P o — Vwvar(my — Er—amt) + cwar(Et_g[f/} — }A/ﬂ)
(42) + ¢ |var(my) + (W” — V)var(wy’ — Ey o7} )}

is the welfare loss associated with variability of the output gap and price and wage inflation. In

transforming (40) to (41) we made use of the fact that, because the real wage is assumed to be stationary,
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E(m¥) hasto equal 7 = E(m;).!” The coefficients ¢; and ¢, express the weights of output gap and
wage inflation variability relative to price inflation variability in (42). For our parameter estimates, and
variances expressed as those of annualised quarterly inflation and percent deviations of output from
steady state, ¢c; = 0.13 and ¢ = 0.89. The small value of ¢; impliesthat an increase in the variance of

priceinflation isroughly eight times as costly as an equivalent increase in the variance of the output gap.

The presence of the first moment 72 in (41) is due to the fact that even a constant, perfectly anticipated
rate of inflation different from zero forces households and firms to adjust their wages and prices
whenever they have the opportunity to do so. The implied dispersion of relative prices is welfare
reducing because at any point in time the condition that the real wage equals the marginal rate of
substitution is violated for most households, and likewise the condition that price equals margina cost
is violated for most firms. The first moment term isimportant once it is taken into account that nominal
interest rates cannot fall below zero in an economy where non-interest bearing money isheld. Suppose a
given interest rate policy implies an unconditiona standard deviation o( R) for the nominal interest rate,
and that under such apolicy all realisations of the interest rate are confined to an interval of size ko (R)
on each side of the steady state value R. For the zero lower bound on nominal interest rates to hold at
al times, R > ko(R) hasto hold. Since R = 7 + p, ie the steady state nominal interest rate equals
the steady state inflation rate plus the steady state red interest rate, we have @ > ko (R) — p. Thislast
inequality shows that a more volatileinterest rate policy can only be implemented at the cost of ahigher
steady state inflation rate, which reduces welfare. In the results reported below, we take this constraint

into account by minimising the objective
(43) W = —Q[L + (1 + ¢p)(max{ko (R) — p, 0})?]

Thevaluesof k and p are set to 2.46 and 3.04% respectively, and have been obtained from the estimated
VAR.

5. Simplerules

Interest-rate rules that implement the optima plan for some given objective are generally very
complicated. Rotemberg and Woodford (1999) show that, for their model, rules confined to afew terms
closely approximate the welfare achieved by unrestricted optimal plans. Also, because simple rules are
more transparent, they are morelikely to beinferred by private agents, thereby increasing the chance that

acommitted policy will reap its benefits. The form of simple rule we useis a generalisation of Taylor's

17 Because the second-order approximation (41) is taken around a steady state of zero wage and price inflation, the term 72

has to be small for the approximation to remain valid.
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(1993) rule that includes feedback from wage inflation and lagged interest rates:

(44) Ri = am; + bY; + en? + dRy_y

This form of rule facilitates direct comparison with most recent analyses of simple rules, for example,
many of the papersin Taylor (19994). In the following subsections, we consider in turn the properties
of different specia cases of (44), which are distinguished by either imposing specific vaues for the
parameters a, b, ¢ and d or finding the optimal values for those parameters under the constraints of our
estimated model. First, as a direct comparison to some of the optimal simple rules recommended in the
contributions to the Taylor volume, we compute performance statistics under the prescriptions of four of
the rules focused upon by Taylor (1999b) in the robustness analysis he provides. We then compute the
optimal feedback parametersin arule of the form (44).

In their analysis of simple interest rate rules based on a calibrated version of a model similar to ours,
Erceg et a (1999) argue that the monetary authority can nearly achieve the optimal plan through the
simple policy of responding to inflation and the output gap. The existence of decision lagsin our version
of their model makes the two-quarter-ahead expectation of the output gap the relevant output variablein

the welfare criterion, as shown in (42). Therefore, we also consider rules of the form:

(45) Ry = am; + bEy(Yipo — f@ig) +en? +dR_;

for the purpose of assessing whether, in the presence of avariance trade-off, allowing the interest rate to
respond to both inflation and the output gap (properly measured) can approximate the welfare optimal
plan. Since we estimate the current output gap to be much more volatile than the expected output gap
and because monetary policy cannot affect current output, including the expected output gap in (45)
affords the best opportunity for output to play a non-trivia role in the simple rules we consider. One
advantage of considering rules of the form (45) is that, in the presence of variance trade-offs among
these variables, we can assess whether the optimal relative weightsin the rule match the relative weights
given to these variables in the welfare objective. However, it should be noted that from a practical
perspective it may be undesirable to adopt a rule that involves a response to the expected output gap.
In the light of the difficulty of estimating potential output, especially for the most recent observations,
which are precisely the terms that would appear in the reduced-form expression for the expected output
gap, rules that respond to the output gap might suffer lower credibility and reduce the benefits gained
from commiting to asimple rule. We therefore also consider special cases of (45) that omit responsesto

the output gap.
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51 “Fixed” Taylor rules

Taylor (1999b) undertakes a robustness analysis of five rules that emerge in the collected papers in
Taylor (19994) as being optimal under some set of conditions (eg modd structure, parameter estimates).
Our purpose here is to further investigate robustness of these rules in the context of our optimising
model with both sticky prices and wages. Our robustness analysisisinteresting for the following reason.
Among the five rules that Taylor considers, four emerge as (nearly) optimal from one class of models,
while the fifth is a product of an entirely different class of model. The distinguishing characteristic
between the model classes is not forward-looking behaviour per se. Rather, the two key differences are
whether the model builds in exogenous inflation persistence (eg the Fuhrer-Moore model) and whether
it includes an output-inflation variance trade-off that isbinding from awelfare perspective. In contrast to
the other models and welfare criteria, Rotemberg and Woodford's (1999) model and welfare function do
not contain these features. Consequently, Taylor finds Rotemberg and Woodford's optimal rule not to be
robust when tested with the other models. Since we do not build in exogenous inflation persistence, but
our model and welfare function do exhibit variance trade-offs, it isinteresting to examine which features

are mainly responsible for the comparative results provided by Taylor.

The second to fifth columns of Table 3a present performance measures for our model economy under
the rules analysed by Taylor (and are therefore labelled T to 7).'® For comparison, the first column
of the table (H) presents statistics under the historical rule estimated in the VAR.Y The last column
(T5) shows statistics under arule with the same coefficients as rule T», but with the two-quarter-ahead
expected output gap replacing detrended output, ie arule of the form (45). For each case, the table first
presents the coefficients for the interest rate rule, followed by the unconditional variances of the model’s

endogenous variables, the output gap, the two-quarter-ahead expected output gap, two-quarter-ahead

18 Here we do not consider the rule offered by Rotemberg and Woodford (1999). In the next section, we calculate the
optimal parametersin (44) under the restriction that ¢ = 0, which has the same form as Rotemberg and Woodford's rule.

19 Thevariance of E_»(Y — Y°) reported in Table 3 differs from the value reported in Section 3.4. The latter is calculated
using the actual (estimated) data seriesimplied by our model and observations on the four endogenous variables, whereas
the statistic reported under H in Table 3 is calculated solely using the model and the estimated historical policy rule.
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Table 3
Statistics for policy rules

a. Historical and “fixed” Taylor rules
H T1 T2 T3 T4 T5

a - 300 | 120 | 150 | 150 | 1.20

b - 0.80 | 1.00 | 050 | 1.00 | 1.00

c _ _ _ _ _ _

d - 1.00 | 1.00 - - 1.00
var(R) 614 | 649 | 6.12 | 1493 | 1446 | 6.19
var(r) 2.00 | 060 | 160 | 6.26 | 575 | 0.39

var(r®) 394 | 293 | 388 | 791 | 763 | 207
var(Y) 412 | 597 | 240 | 384 | 1.83 | 10.18

var(E_o(Y —Y*)) | 10.76 | 9.65 | 12.46 | 12.38 | 1345 | 7.75
var(r — E_om) 043 | 024 | 035 | 059 | 059 | 0.24
var(n® — E_pr®) | 202 | 176 | 175 | 182 | 1.87 | 1.72

L 952 | 656 | 890 | 17.50 | 16.92 | 5.32
7 305 | 323 | 305 | 647 | 631 | 3.08
Wt 2715 | 2624 | 26.44 | 96.48 | 92.24 | 23.22
b. Optimal rules
O1 o 03 O4 Os Os

a 078 | 081 | 062 | 067 | 0.82 | 072

b 0.02 | 008 | 004 | 015 - -

c 0.38 | 048 | 0.29 - 0.38 -

d 115 | 1.20 | 1.00 | 1.05 | 114 | 102
var(R) 159 | 159 | 165 | 158 | 159 | 157
var(r) 046 | 047 | 045 | 039 | 046 | 037

var(r®) 181 | 1.80 | 1.80 | 212 | 1.80 | 219
var(Y) 1340 | 13.13 | 13.34 | 11.07 | 1394 | 12.48

var(F_o(Y —Y*)) | 10.99 | 1052 | 1053 | 891 | 11.06 | 9.60
var(nr — E_om) 023 | 023 | 025 | 023 | 023 | 022
var(n¥ — E_o7®) | 138 | 140 | 147 | 170 | 138 | 1.69

L 519 | 516 | 524 | 547 | 520 | 559
7 006 | 006 | 012 | 005 | 006 | 0.04
Wk 520 | 517 | 527 | 548 | 520 | 559

unexpected priceinflation, and two-quarter-ahead unexpected wageinflation. Thelast three rows present
our welfare statistics. our measure of welfare that disregards the zero lower bound on nominal interest

rates, (42); thelevel of steady state inflation necessary to avoid the zero lower bound for nominal interest
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rates to be binding; and our modified measure of welfare, (43). The variances of price and wageinflation
and the interest rate are expressed in annualised percentage points, while the variances of output and the
output gap are measured in percentage deviations from trend. To facilitate comparison, all variances,
including those under the historical rule, have been computed under the assumption that no monetary

policy shocks are present, iee; = 0 at all times.

One notable result in Table 3ais that historical policy is about as good as any of the Taylor rules from
a welfare perspective, which contrasts with the results in Rotemberg and Woodford (1999) that non-
trivial welfare gains can be achieved under either 77 or 7. Part of the reason is that our estimate
of the variance of interest rates is relatively smaller in our longer sample. For instance, comparing
H to T3, the reductions in the variances of price and wage inflation achieved under 77 from a strong
response to inflation are offset by the lack of sufficient smoothing behaviour which results in more
volatile interest rates and higher steady state inflation than that observed historically. Of course, more
striking are comparisons to the studies which promoted rules 7' to 7, in thefirst place. Asin Rotemberg
and Woodford (1999), another notable result is that policies that do not involve smoothing (ie 73 and
T,) perform substantially worse than the others since the consequent volatility in interest rates (which

of courseisfound to be optimal in these cases) requires a high steady state inflation rate.

Comparing T3 to the other rules, the monetary authority can achieve a better welfare outcome by
responding to the expected output gap instead of detrended output. This outcome occurs even with a
vigorous output response that is seemingly unwarranted in view of the small weight on this term in the
welfare function. Naturaly, part of the reason for the improved outcome under this ruleis amuch lower
variance for the expected output gap. Lower variances for price and wage inflation also help, and are

largely responsible for the better performance of thisrule relative to historical practice.

52 Optimal smplerules

In this subsection, we calculate numerically the optimal coefficientsin rulesrestricted to the simple class
of the form (44) and (45). Thefirst column in Table 3b (O;) reports results for the best rule in the class
of rules given by (44), ie when all four coefficients, a, b, c and d are chosen to minimise the welfare

objective (43). The remaining five columns of the table report results for different cases of (45).2°

Rule O4 places no restrictions on the four response coefficients. Rules O3, O4 and O5 consider optimal
simplerulesin threeinteresting restricted cases of (45). Rule O3 isthe special caseof d = 1. Theresults
in Taylor (1999b) suggest that rules with d > 1 can lead to extremely explosive results in many of the

20 We consider special cases of (45) instead of (44) since, aswewill see, O, results in a better welfare outcome than O;.
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models analysed in that volume, whereas for some of those same models, a smoothing coefficient of one
actually performs very well. We thus consider the welfare consequences of restricting d equal to one,
which monetary policymakers may find to be amorerobust strategy in the face of model uncertainty. The
rules O, and O5 correspond to cases where ¢ and b, respectively, are set to zero. Rule O, has the same
form as Rotemberg and Woodford's optimal simple rule and isthe natural benchmark to compare agai nst
T5 (ieit isthe optimised version of rulesin the class that 75 fallsinto). Weinclude rule O to assess the
effects of excluding the output gap altogether. Finally, rule Og alows for responses to inflation and the
lagged interest rate only. Results under this rule will alow usto assess whether restricting the response
of interest rates in this manner — which is nearly optimal in optimising models without variance trade-

offs— entails a substantial welfare lossin the presence of avariance trade-off.

Some common observations can be made about the group of rules O; to Og. As in Rotemberg and
Woodford, each of the rulesis characterised by very low (compared to historical standards) interest rate
variability. The low variability is attributable to the high degree of interest rate inertia under all of these
rules, and the fact that in our rational expectations model this degree of inertia is both anticipated by
agents and credible. Furthermore, the steady state inflation rate 7 induced by interest rate variability
(as discussed in Section 4.1) is very smadl, indicating that the welfare gains from further stabilisation
that could be achieved by a more variable interest-rate policy are too small to warrant the concomitant
increasein .21 Also, asin Rotemberg and Woodford, the coefficient on the output term — whether it is
detrended output in O, which is directly comparable, or the expected output gap — is close to zero (it
isactually smaller under O, 0.02, versus their value of 0.06). The variance of detrended output is much
larger under any of these rules than under the historical one precisely becauseit is not detrended output
that matters either for welfare or for predicting the endogenous variables that do matter for welfare.
Interestingly, the variance of the expected output gap is generally not much different from that observed
historically, partly as a consequence of the low weight on thisterm in the welfare objective. Finally, the
gaininwelfare that is achieved by any of these rulesis substantial compared to any of the rules analysed
in the previous subsection, including historical policy. The fivefold increase in welfare over historical
policy, however, is not nearly as large as the aimost fifteenfold increase in welfare that Rotemberg and

Woodford report for their more compact welfare function and model.

Turning to the rules individually, the unrestricted simple rules of both forms (O; or O,) attain the best

welfare outcomes. The similar welfare outcomes are attributable to the fact that the optimal response

2L tis interesting to observe that even when we restrict d to be one, the variance of interest rates is much smaller than under
rules Th and T5. The reason there is such alarge difference under O isthat the response to inflation is restrained and the
response to output is negligible. That is, if we restrict the smoothing behaviour of the monetary authority, in parallel we
should tone down the feedback response to inflation and output to avoid the higher steady-state inflation rate that would
be necessary to support more volatile interest rates.
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coefficients are similar and, most importantly for comparing to each other, the responses to output are
near zero.?? It is interesting to note that the relative size of the optimal coefficients in O, does not
exactly correspond to the rel ative weights given these variabl esin the welfare criterion. Thelack of exact
correspondence between the variables that appear in the welfare objective and those that we include in
the simple rule, along with the nature of the variance trade-off, does not allow a simple mapping from
policymaker objective to instrument rule. The results for O3 suggest that imposing the restriction d = 1
leads to only a small reduction in welfare (approximately 2%), which is sufficiently small to likely be
offset by concern for adopting a potentially explosive regime. Furthermore, there is a unique and stable
equilibrium under this rule even though the response coefficient on inflation is less than one because of
the large size of d. For rule Oy, the coefficients on inflation and the lagged interest rate are smaller than
Rotemberg and Woodford's, although our coefficients have qualitatively similar implications to theirs;
namely, astrong response to inflation, anegligible response to output, and significant smoothing (d > 1).
Particularly interesting is the smaller size of the response coefficient on inflation compared to rule Os.
The reason for this is smple: aggressive stabilisation of price inflation in neglect of wage inflation
stabilisation leads to large welfare costs from highly disperse labour supply in the face of volatile wage
inflation. It is apparent that neglecting to respond to wage inflation can be costly. The welfare loss
from this restricted rule compared to the unrestricted simple rule is 6% higher. For rule Os, as one
may expect, excluding output causes only a marginal deterioration in welfare and the optimal response
coefficients on the other variables are similar to the unrestricted case. Lastly, eliminating an interest
rate response to wage inflation as well as output (Og) results in a non-trivial deterioration of welfare
(8.2%), asituation that can easily be avoided, especially since various measures of wage data are readily
available to monetary policymakers. Thus, our main result for smple rules is: having the monetary
authority adopt a highly inertial, though not necessarily explosive, interest rate policy (ie d ~ 1), which
includes responses to price and wage inflation, is nearly optimal from awelfare perspective in the class

of smple rules we consider.

0. Conclusions

In this paper, we use an estimated version of asmall dynamic equilibrium model with nominal rigidities
in both product and labour markets to analyse optimal interest rate rules for monetary policy. Our
estimates of key parameters, such as the intertemporal elasticities of substitution of both consumption

and labour, are close to the ranges of estimates obtained using disaggregated data. Based on our

22 gince higher welfare is obtained under Oa, the remainder of the discussion focuses upon special cases of rules of the form

(45).
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estimated model, we find that ssmple rules that include feedback responses from both price and wage
inflation and exhibit smoothing, ie alarge responseto the past level of theinterest rate, are nearly optimal
from awelfare perspective. Furthermore, even in the presence of avariance trade-off between price and
wage inflation and the output gap, we do not find any significant role for the output gap in any ruleswe

consider.

Both our estimation results and our analysis of interest rate rules suggest a number of possible avenues
for future research. Firgt, it may be profitable to use data on more labour market series in the light of
the relatively large standard errors we obtain for our estimates of the elasticity of labour supply and the
degree of market power of workers. Second, a model with other |abour market frictions, eg downward
nomina wage rigidity, may help determine with more precision parameters that are crucial for the
welfare analysis, for example, the el asticity of labour supply. Alternatively, using our estimated standard
errors, it would be interesting to consider the effects of parameter uncertainty on optimal interest rate

rules.
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A. L og-linear approximations

Al Wage and priceinflation

In this section, we derive equations (23) and (28). Thefirst stepisto compute alog-linear approximation to equation (22)). Let
L = log(W}/W,). Theratio Wit /Wy can then be approximated as o Z L . Similarly, the ratio
W W!W P

Pr~ W: P, Pr
is approximated by o} + w; — Zf;f me4k. Finaly, using the production function (6), the deviation of hours from steady state

can be expressed as [T, = ~=(V; — 1,).

With this notation, the log-linear approximation of (22) can be written as

(46) Fe 1 Z )\ﬂ { { nT — 1)t Zﬁt+k —Ar— 1)t + Wy — Z?Tt+k } =0,

where {, = —(vn¢(H;0) /vnn (H;0)H)(, isthe disturbance to the marginal disutility of labour supply. Combining (16) and
(19) yields

47 Evadr = —0E,1[Yr — Gr]VT >t +1

while taking expectations as of ¢ — 1 of (15) yields

Beihe = Etfl[Rt — Mey1 + 5\t+1}

Etfl[Rt — Myy1 — U(?}H — é’t+1)]

(48) = —0E Vi —Gi+vi
where
Vi1 = By a[Re—mip1 —o(Yeyr — Ve — Gepr + Go))
= i i(RT —7r1) — B i(RT — TT41)
T=t T=t

Substituting these expressions for E;_1 A into (46) and collecting terms, (46) can be written as

B, 12 )\ﬂ {(——i—cr)?:r—%n:p—wgip—aé:r

(49) —(1 4+ wo)dy, +w¢27rt+k —wt+27rt+k } —vi—1 = 0.

Furthermore, we transform the double summation

SO0 Y me = 3 09T S (08
T—t k=1 T—=t+41 k=0
= (1-28)"" (Z(w)T%T - m)
T=t

The double sum involving 7” is transformed anal ogously.

We next wish to obtain an expression for ¢ in terms of 7. Dividing both sides of (20) by W; and taking the logarithm yields

(50) 0~ (1— X0 + (1 =M1 —+")o7 — A
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Since W2 = E;_ oW,
(51 07 = By_o0} — (1 — Ey_omy’)

Substituting this expression into (50) we obtain

(52) w = L2 [0+ (1= ) (Beab — (nt — By

Taking expectations as of ¢ — 2 on both sides, F;_om” = :52 E;_»9; and hence

T—X\. 1, 1—ov w
(53) T’l)g-:Wﬂ't - 1/11/] Ey omy

where b = v“1/(1 —v*(1 — \)) isdefined asin (23). Substituting (53) for 47 in (49) and using the transformation for the

double sums and the fact that E;—1v:; = 0V5 > 0 we obtain (23).

The derivation of (28) involves the same steps as above. Let p; = log(p; /P;). Then (27) can be approximated as

oo T—t T—t
¢+ ] 1—a+6a. 1 ~ . w Oa
(54) Ei E (aﬂ)T ‘ { 1-a bt — 1= a(aYT —ng) — W — 1;71 Tetk — T4 };1 7Tt+k} =0.

T=t

The double sumsin (54) are being transformed as before. Furthermore, dividing (25) by P; and taking the logarithm, and using
the fact that p? = E;_opi, we can derive an expression for p; in terms of 7, analogousto (53),
l—a., 1 1— P

o ptzﬁﬂ't_ 1/’,,

where f = vPa /(1 — 4P(1 — «)) isdefined asin (28). Substituting (55) for p; in (54) and using the transformation for the

(55

Ey omy

double sums we obtain (28).

A.2 Therepresentative household'swelfare

In this section, we derive the second-order approximation (40) to the representative household's welfare (39), using some
results of Rotemberg and Woodford's (1997) Appendix 3. Specifically, we form a second-order Taylor series expansion of (39)
around the steady state characterised by the efficient output level Y defined in (12) and zero wage and price inflation. Hence,
we form the approximation around the same steady state around which the model’s exact equilibrium conditions have been
log-linearised.

Since the demand side of our model isidentical to Rotemberg and Woodford's, the second-order approximation of w(C'; €,) is

identical to their equation (9.10) aswell, which we reproduce here:

A 1, - PN oA A
(56) u(Cii&;) = uc¥ Vi + 5 (u¥ + weeY )V = uceY2 G Y, + unf + tip + O(|I€]°)
where un f stands for terms that are unforecastable two periods ahead (since in our model monetary policy affects output only
with a lag of two periods), and tip denotes terms that are independent of monetary policy. ||£]| is a bound on the amplitude
of fluctuations in the exogenous disturbances, which we take to be the same for ¢, ¢, and . The term O(||€|) indicates that
terms of third or higher order in the deviations of the various variables from their steady-state val ues are being neglected.
Similarly, a second-order approximation of household ’s disutility of labour supply is given by

i Fri, 1, = 7247 2% 5 4
(57) v(hg; ¢,) = v Hhy + §(vhH + vpn H)DE — vpn H2C B + tip + O(|€]]?).
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Integrating this expression over i yields
1 .
/ v(hi; ¢,)di = vy, HE;[h})
JO
1 7 5 7i 7i 2 7i .
(58) +§(1)hH + vpn H?) (El [hi]? + mu"i(ht)) — v 12C,Ei[hY] + tip + O(||€]1?).
By integrating (7) over z, we obtain

(59) H = {/ (hi) %7 dz} .
J0
Using this expression and the fact that for arandom variable X, log E[X] = E[log X| 4+ 2var(log X), we obtain that

b1
2¢

(60) H, =log(H,/H) = E;[h}] + var;(hl).

Solving (60) for F;[A%] and substituting in (58) yields

i _
/ v(hi; ¢,)di = vy HH, + vh2H (1+w)A;
JO

(61) + 2 G=1 4 yvari(h) — onn T2, + tip + O(JE])

2

where w isdefined asin (23).

We next wish to substitute for F; in (61) in terms of output. To do so, note first that the definition of H, = ']'01 Hy(z)dz implies

that

(62) H, = E.[H,(2)] + %1)(17‘2(]{%(2)).

Firms' production function in turn implies that

(63) E:[He(2)] = (1 = a) " (E:[ge(2)] = m,), varz(He(2) = (1 - a) *var.(§e(2))
and therefore

(64) Fre= (1= )7 (B2 0u(2)] = 1) + gz var-(e(2).

Finally, deriving an expression for Y; analogous to (62), substituting from this expression for F,, [9¢(2)] in (64), and substituting

the resulting expression for H, into (61) yields

1 i . opnH [~ 1+w 49 o H ~ o~ 1+w 4
/0 v(ht; C)di = T— {Yt + 31— a)Yt } -T2 {WCtYE + mnth}
onH [1 [ 1 6—1 X l—a, . 3
(65) w2 2 (T2~ 5 ) varet0e) + S5+ wpans(i) | + tip + O]

Because the efficient steady-state level of output is characterised by (12), it follows that

ol oy
Hence,
W(Cii€,) - /.17}(%;@)(% o [%"S‘“) (YY - §Y2>
JO -
(66) -5 (15 - 55 ) ) - 1500 e + e+ Ol

where Y isthe efficient level of output defined in (38). Noting that Y;¢ isindependent of policy, and using the fact that interest
rates affect output only with alag of two periods, (66) can be rewritten as

(Et72 [Yt - Yte]) ’

1—a

.1 _
u(C; €,) —/ v(hi;¢,)di = _“;Y [La(l—a)
J 0
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(67) + (12~ 5 ) v + (1= 6+ wpars (i) + unf +tip+ Olel)

We now wish to substitute for the terms var. (4 (z)) and var; (h). From the demand functionsfor households’ labour services

(9) and producers’ goods (10) it follows that

(68) var, (§:(z)) = 0%var, (log pi(2)).
and
(69) var;(hl) = ¢*var;(log W)

Let p, = E.logp:(z) and A¢ = var,(log p:(z)). Then

Ay = wary(logp(z) — Pe—1)
= E:[(logp:(2) — ﬁt—1)2] — AP
(70) = a1+ (1—a)yP(logp; — 1)’ + (1 — a)(1 —+7)(logp; — pi—1)* — Ap;

where the last equation made use of the price index (25) in log-linearised form. From (25) it also follows that
(71) Ap: = (1 — a)y"(log pi — Pr—1) + (1 — a)(1 = 7*)(log p} — Pe—1)-

Taking expectations as of t — 2 on both sides of (71), and using the fact that log p? = E;_» log pi + O(||€]|?),
(72) E—2Ap, = (1 - a)(logp; — pe—1) + O([I€]*).

Subsgtituting (72) into (71), we obtain

(73) Ape — (1= 4") By 28p = (1 — a)y*(log p; — Pe—1).

Finally, squaring both sides of (72) and (73), and using Ap, = 7. + O(||€||?), (70) can be written as

1 1—~P
Ay = ol A—anr (me = (1 = 7" Er—ame)” + CWZ (Br—zme)” — i + O(€]1%)
(74) = oot T2 [ @ - ) - Beam)?] + Ol)

where y? isdefined asin (28).

If A_; isconsidered independent of policy, it follows that

> BA:
t=0

S A et [ @~ 1) — B am)?] + tip + O(E])
t=0

(75) = Toaaep P [ @ -0 = Beam®] + tip+ O,

By defining AY = wvar;(log W¢) and following the same steps as above, we can derive the anal ogous expression

- t AW A - t w2 w
(76) tz:;ﬂ Ay =m;ﬁ {(ﬂ't) + (¢

—1

— 1) = Biam’)’] +tip+ O(¢]1).

Combining (67) to (69), (75), and (76), and noting that

1 9 A _ ¢w+o(l—a))
(1= )™ + 0 g —
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and

( 10— 1> 02 a _ Oa
1-a 0 1-a)(1—aB) kP(l—a)
we obtain (40), where

uY fa
2(1—pB) kP(1 —a)

_ Oa twtato(l—a)
cl:[fep(l—a)} l1—a

Q=

and

Oa }1 plw+o(l—a))
)

2= [/-@P(l—a K
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Figure 1: VAR Impulse Responses to a Monetary Shock
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Figure 2: VAR and Model Impulse Responses to a Monetary Shock
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