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Multivariate modulated Markov price processes and
American type options

@ A multivariate Markov log-price process modulated by a
stochastic index

YOt = (YE(1),..., Y (1),t = 0is a vector cadlag
log-price process and X (¢ )( ), t > 0 is a measurable index
process such that Z()(t) = (Y)(t), X©)(t)) is a Markov
process with a phase space Z = R X X, an initial distribution
P()(A), and transition probabilities P(®)(t, z,t + u, A).

@ A multivariate price process modulated by a stochastic index
SOty = (8¥(1),...,8(t)), t > 0 is a vector price process,
where S,.(E)( t) = explY, (8)( HhLi=1,...,k,t>0.

@ American type options

o0 = sup Eg(x®), 8V,
0<t(&)<T
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Convergence of option rewards

A: Not more than polynomial growth of partial derivatives of
payoff function g(t, §) (- < Ly + Lo|3[").

B: There exist measurable sets Z; C Z, t € [0, T] such that: (a)
P(E)(t, Ze, t+u,-) = P(O)(t, z,t+u,-)ase — 0, forany z, —
zeZiase —»0,0<t<t+u<T;(b) POt z,t + u,Zey)
=1foreveryzeZ;,0<t<t+u<T.

C: limg_o liMe—y0 SUPo<t<p<to<T SUP2ez E,. (87O ()-YI01 _ 1
=0 forsomef >y +1.

D: Z(&)(0) = z € Zy.
Theorem 1: A-D

o - o a5¢ - 0.
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Convergence of option rewards

@ Time skeleton approximations

oE(P(n)) = sup Eg(x®),8E)(z)y)).
&) ep(n)

where P(n) =<0 =tho <:-- <thp =T > such that
dn = maX‘]SkSn(tn,k - tn,k_‘]) — 0asn— oo.

sup |9 — dE)(P(n))| < A(n) - 0as n — .
€20

@ Convergence of option rewards for discrete time models

o (2(n)) - »O(P(n)) as e — 0.
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Applications of convergence results

@ Types of price processes

— Price processes represented by exponential Markov and
semi-Markov chains;

— Gaussian Markov random walk type price processes;

— Exponential ARMA type price processes;

— General multivariate Markov price processes with Markov
and semi-Markov modulation;

— Exponential modulated Lévy type price processes;

— Exponential multivariate diffusion price process.

@ Approximation models

— Space-time skeleton approximations;
— Tree approximation models (binomial, trinomial, etc.);
— Monte-Carlo type approximations.

@ Types of options
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Reselling of European options

@ A reselling model

dIn S(t) = udt + odWj(t),
dIno(t) = —a(Ino(t) — Ino)dt + vdWa(t),
te0,T],

where (a) u € R; a,v,0 > 0; (b) S(0) = sp = const > 0; 6(0) = o;
(c) W(t) = (W;(t), Wa(t)), t > 0 is a standard bivariate Brownian
motion with EW; (1)W>(1) = p.

@ Formulation of the reselling problem

¢ = sup Ee ""C(t, S(1), o(7)),

w=<T

where

I K T-t VT - 1 X
_ In(S/K) + )+0 t, F(x):—f e 2dy.
OVT—t 2 ‘/E —00

dy



Tree type approximations

@ Approximation of the SDE by a stochastic difference equation

Alno(ty) = —a(Ino(th—1) — In o)Aty + vAWs(t,),
n=1,...,N,
where Af(t,) = f(t,) — f(t-1), t = nT/N, n=0,1,...,N.
@ Fitting of a bivariate binomial model
EYin = EAVVi(tn),
AVVi(tn) ~ Yn,i = EYinyjn = EAVVi(tn)AVVj(tn),
ij=1,2,n=1,...,N.

@ A recombining condition

Yn’,'i ?
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Transformation of the reselling model

@ A solution for the system of SDE for the reselling model

S(t) — Soeut+0W1(t),
o(t) = o€’ lpetedwe(s),
te[0,T].

@ Transformation of the reselling model

o) = supEe™""C(t, 506" - Si(1), 0 So(1)*" )

w=<T

= sup Eg(t, (S1(7), S2(v))),

w=<T
where
S1(t) — eGW1(t), Sz(t) — eve—aT fot e“SdWQ(S)’t > 0,

g(t’ (81 > 82)) - e_rtc(t, Soeut . S1 S ' Szea(-r*t)).
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An approximation tree bivariate binomial-trinomial model

@ A tree bivariate binomial-trinomial model

e=T/N
Yn’1 . Yn’2:

Number of nodes
= (N+1)(2N+1)

Ex: Ipl <e Tk, Inthe case k = 1:
u,(,? =0k, Uff; = uve, where u e [v,vlp|'e™"]

i i V26—2aT 1 — g2as pye—aT 1 — g
p,(72>+ — pﬁfz_ — e2fyn£ + e

412 2asc 4u ae
p(f) — p(E) _ vPe T g2ane 1-e _ pyeiaT eune 1-e™
nm e 442 2ae 4u ae
b0 g 1T L 1oen
ot e 2 212 2ae
n=1,...,N.
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Convergence of tree approximations

@ A recurrence backward algorithm
(1): yﬂ»’h’z =((2h - n)O\/E, hu ‘/E)

i =0,1,....n, h=0,%1,...,xn,n=0,...,N,;

(2) : W (tn, Y ) = (i, €M12),
I1 :0,1,...,N, I2 :0,i1,...,iN;

(3) : WO (b, T i) = Gt €2 ) V (W (trr. Pt 14041 )P
+ W(E)(fn+1,}7n+1,/1+1,12 )P,(ﬂr + W(E)(tn+1,)7n+1,l1+1,/271)P,(f)+_
+ WO (b1, Vot o1 )P,(,,SLr + WO (ot Vst )Pr(fz

+ W(E)(tnﬂ s Yt =1 )pr(fz—)s
h=0,1,....n, b=0,+1,...,2n,n=N-1,...,0.

@ Convergence of tree approximations
Theorem 2: E4

w(®(0, (0,0)) - &© as e — 0.



Numerical examples

@ The optimal expected reselling rewards

The optimal expected reselling rewards for the models with parameters
r=10.04;S(0) =10,u=0.02,6=0.2,012<a<24,005<v<1,
p=03;and K=10, T =0.5.
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