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Multivariate modulated Markov price processes and
American type options

A multivariate Markov log-price process modulated by a
stochastic index
~Y (ε)(t) = (Y (ε)

1 (t), . . . ,Y (ε)
k (t)), t ≥ 0 is a vector càdlàg

log-price process and X (ε)(t), t ≥ 0 is a measurable index
process such that Z (ε)(t) = (~Y (ε)(t),X (ε)(t)) is a Markov
process with a phase space Z = Rk × X, an initial distribution
P(ε)(A), and transition probabilities P(ε)(t , z, t + u,A).
A multivariate price process modulated by a stochastic index
~S(ε)(t) = (S(ε)

1 (t), . . . ,S(ε)
k (t)), t ≥ 0 is a vector price process,

where S(ε)
i (t) = exp{Y (ε)

i (t)}, i = 1, . . . , k , t ≥ 0.
American type options

Φ(ε) = sup
0≤τ(ε)≤T

Eg(τ(ε), ~S(ε)(τ(ε))).
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Convergence of option rewards

A: Not more than polynomial growth of partial derivatives of
payoff function g(t , ~s) (· ≤ L1 + L2|~s|γ).

B: There exist measurable sets Zt ⊆ Z, t ∈ [0,T ] such that: (a)
P(ε)(t , zε, t + u, ·)⇒ P(0)(t , z, t + u, ·) as ε→ 0, for any zε →
z ∈ Zt as ε→ 0, 0 ≤ t < t + u ≤ T ; (b) P(0)(t , z, t + u,Zt+u)
= 1 for every z ∈ Zt , 0 ≤ t < t + u ≤ T .

C: limc→0 limε→0 sup0≤t≤t ′≤t+c≤T supz∈Z Ez,t (eβ|
~Y (ε)(t ′)−~Y (ε)(t)| − 1)

= 0 for some β > γ+ 1.

D: Z (ε)(0) = z0 ∈ Z0.

Theorem 1: A − D⇒

Φ(ε) → Φ(0) as ε→ 0.
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Convergence of option rewards

Time skeleton approximations

Φ(ε)(P(n)) = sup
τ(ε)∈P(n)

Eg(τ(ε), ~S(ε)(τ(ε)))).

where P(n) = < 0 = tn,0 < · · · < tn,n = T > such that
dn = max1≤k≤n(tn,k − tn,k−1)→ 0 as n → ∞.

sup
ε≥0
|Φ(ε) − Φ(ε)(P(n))| ≤ ∆(n)→ 0 as n → ∞.

Convergence of option rewards for discrete time models

Φ(ε)(P(n))→ Φ(0)(P(n)) as ε→ 0.
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Applications of convergence results

Types of price processes

– Price processes represented by exponential Markov and
semi-Markov chains;
– Gaussian Markov random walk type price processes;
– Exponential ARMA type price processes;
– General multivariate Markov price processes with Markov
and semi-Markov modulation;
– Exponential modulated Lévy type price processes;
– Exponential multivariate diffusion price process.

Approximation models

– Space-time skeleton approximations;
– Tree approximation models (binomial, trinomial, etc.);
– Monte-Carlo type approximations.

Types of options
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Reselling of European options

A reselling model
d ln S(t) = µdt + σdW1(t),
d ln σ(t) = −α(ln σ(t) − ln σ)dt + νdW2(t),
t ∈ [0,T ],

where (a) µ ∈ R; α, ν, σ > 0; (b) S(0) = s0 = const > 0; σ(0) = σ;
(c) ~W(t) = (W1(t),W2(t)), t ≥ 0 is a standard bivariate Brownian
motion with EW1(1)W2(1) = ρ.

Formulation of the reselling problem

Φ(0) = sup
τ≤T

Ee−rτC(τ,S(τ), σ(τ)),

where

C(t ,S, σ) = SF(dt ) − Ke−r(T−t)F(dt − σ
√

T − t),

dt =
ln(S/K) + r(T − t)

σ
√

T − t
+
σ
√

T − t
2

, F(x) =
1
√

2π

∫ x

−∞

e−y2/2dy.
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Tree type approximations

Approximation of the SDE by a stochastic difference equation
∆ ln S(tn) = µ∆tn + σ∆W1(tn),
∆ ln σ(tn) = −α(ln σ(tn−1) − ln σ)∆tn + ν∆W2(tn),
n = 1, . . . ,N,

where ∆f(tn) = f(tn) − f(tn−1), tn = nT/N, n = 0, 1, . . . ,N.

Fitting of a bivariate binomial model

∆Wi(tn) ∼ Yn,i ⇒


EYin = E∆Wi(tn),
EYinYjn = E∆Wi(tn)∆Wj(tn),
i, j = 1, 2, n = 1, . . . ,N.

A recombining condition

Yn,i : ? !r���
HHH

r
r
���
HHH

HHH

���

r
r
r
r r���
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r
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Transformation of the reselling model

A solution for the system of SDE for the reselling model
S(t) = s0eµt+σW1(t),

σ(t) = σeνe
−αt

∫ t
0 eαsdW2(s),

t ∈ [0,T ].

Transformation of the reselling model

Φ(0) = sup
τ≤T

Ee−rτC(τ, s0eµτ · S1(τ), σ · S2(τ)eα(T−τ))

= sup
τ≤T

Eg(τ, (S1(τ),S2(τ))),

where

S1(t) = eσW1(t), S2(t) = eνe
−αT

∫ t
0 eαsdW2(s), t ≥ 0,

g(t , (s1, s2)) = e−rtC(t , s0eµt · s1, σ · seα(T−t)

2 ).
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An approximation tree bivariate binomial-trinomial model

A tree bivariate binomial-trinomial model

Yn,1: Yn,2:
ε = T/N

Number of nodes
= (N + 1)(2N + 1) !
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Ek: |ρ| < e−αT/k . In the case k = 1:

u(ε)
n,1 = σ

√
ε, u(ε)

n,2 = u
√
ε,where u ∈ [ν, ν|ρ|−1e−αT ]

p(ε)
n,++ = p(ε)

n,−− =
ν2e−2αT

4u2
e2αnε 1 − e−2αε

2αε
+
ρνe−αT

4u
eαnε 1 − e−αε

αε
,

p(ε)
n,+− = p(ε)

n,−+ =
ν2e−2αT

4u2
e2αnε 1 − e−2αε

2αε
−
ρνe−αT

4u
eαnε 1 − e−αε

αε
,

p(ε)
n,+· = p(ε)

n,−· =
1
2
−
ν2e−2αT

2u2
e2αnε 1 − e−2αε

2αε
,

n = 1, . . . ,N.
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Convergence of tree approximations

A recurrence backward algorithm

(1) : ~yn,l1 ,l2 = ((2l1 − n)σ
√
ε, l2u

√
ε)

l1 = 0, 1, . . . , n, l2 = 0,±1, . . . ,±n, n = 0, . . . ,N;

(2) : w(ε)(tN , ~yN,l1 ,l2) = g(tN , e
~yN,l1 ,l2 ),

l1 = 0, 1, . . . ,N, l2 = 0,±1, . . . ,±N;

(3) : w(ε)(tn, ~yn,l1 ,l2) = g(tn, e
~yn,l1 ,l2 ) ∨

(
w(ε)(tn+1, ~yn+1,l1+1,l2+1)p

(ε)
n,++

+ w(ε)(tn+1, ~yn+1,l1+1,l2)p
(ε)
n,+· + w(ε)(tn+1, ~yn+1,l1+1,l2−1)p

(ε)
n,+−

+ w(ε)(tn+1, ~yn+1,l1 ,l2+1)p
(ε)
n,−+ + w(ε)(tn+1, ~yn+1,l1 ,l2)p

(ε)
n,−·

+ w(ε)(tn+1, ~yn+1,l1 ,l2−1)p
(ε)
n,−−

)
,

l1 = 0, 1, . . . , n, l2 = 0,±1, . . . ,±n, n = N − 1, . . . , 0.

Convergence of tree approximations

Theorem 2: E1 ⇒

w(ε)(0, (0, 0))→ Φ(0) as ε→ 0.
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Numerical examples

The optimal expected reselling rewards

The optimal expected reselling rewards for the models with parameters

r = 0.04; S(0) = 10, µ = 0.02, σ = 0.2, 0.12 < α < 2.4, 0.05 < ν < 1,

ρ = 0.3; and K = 10, T = 0.5.
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