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Abstract

This article analyses the welfare consequences of delegating to the central bank the

task of minimising deviations of forecasts of goa variables from their target

values. The delegated objectives considered in this article are motivated by the
observation that central banks oftentimes operate under objectives which do not
necessarily represent society’s preferences. The analysis is performed using an
estimated model of optimising households and firms that generates tradeoffs
between stabilising wage and price inflation and the output gap. We find that when

the central bank's objective is defined solely in terms of price inflation, it is
welfare optimal to stabilise only those fluctuations in price inflation that are
forecastable at least five quarters ahead. On the other hand, when the central bank’s
objective involves both wage and price inflation stabilisation, the central bank
should stabilise all fluctuations in these variables, not just those forecastable at
some horizon.
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1. I ntroduction

Forecasts of goal variables such as output and inflation play an important role in the policy process of
many central banks. A common rationale for the use of forecasts in decisions about interest ratesis that
monetary policy affects those goal variables only with substantial lags. Absent some intermediate target
variable which would largely capture the effect of the current stance of monetary policy on the future
values of those goal variables, it may be optimal for the central bank to set its instrument such that the
forecast of the goal variables conditional on current information and the current interest rate coincides

with one'stargets for the goa variables.

A second rationale for the use of forecasts in monetary policy decisions has been suggested by the
experience of countries that use inflation targets as a monetary policy strategy. In inflation-targeting
countries, the central bank is charged with achieving and maintaining a specific level of inflation in
some price index. Thereis no equivalent numerical goal for any other economic variable that monetary
policy should achieve. It has been argued that, if the central bank would attempt to maintain inflation
period by period at exactly the target, the instrument movements necessary for doing so would impart
a large amount of undesirable volatility to other variables, such as output. Goodhart (1998) suggests
that, by adjusting the instrument such asto stabilise the forecast of inflation at some appropriate horizon
around the target level, the central bank can largely succeed in stabilising actual inflation, while avoiding
destabilising effects on output.

In this paper, we study the consequences of using forecasts as a guide for monetary policy. Forecast-
based monetary policy is modelled as the delegation of an objective to the central bank defined in
terms of deviations of the forecast for some variable at a specific horizon from some target value.
In this formulation, inflation targeting, for example, is interpreted as the central bank having to set
interest rates such as to minimise deviations of inflation from target that are expected to occur beyond
a certain horizon. If this horizon is short, the central bank is charged with minimising al deviations
of inflation from target, whereas a longer horizon implies that only deviations forecastable some time
in the future are to be minimised. Because our model is based on optimising behaviour of households,
the representative household's welfare provides a natural benchmark for the evaluation of alternative
objectives delegated to the central bank. We ask whether welfare benefits result from the delegation of
such objectives with forecast horizons beyond any assumed control lags, in particular when there exist

variability tradeoffs among economic variables such as wage and price inflation and the output gap.

Our analysis is motivated by the observation that in practice the objectives delegated to central banks
are not necessarily reflecting some judgment about the precise form of the preferences of society. For
1



example, as mentioned earlier, in inflation targeting countries there exists no target for output equivalent
to the target for inflation delegated to the central bank. Yet, the intention of delegating an objective
defined solely in terms of inflation is presumably not to make the central bank oblivious to the output
consequences of its decisions. Nor do we assume, as in a strand of literature beginning with Rogoff
(1985), that the reason for delegating an objective different than the representative household's welfare
to the central bank is the central bank’s inability to act under commitment. On the contrary, we assume
that the central bank is able to commit itself to setting policy such as to achieve the objective delegated
toit.

One possible rationale for such delegation might be that delegation of a more complex objective, such
as one involving some definition of the output gap, leads to problems in holding the central bank
accountable for its performance, if only because the output gap is measured with great uncertainty.
A complementary rationale for instructing the centra bank to focus only on inflation, and only on
the component of inflation which is forecastable sufficiently far in advance, is that this forecastable
component may be interpreted as a measure of underlying or trend inflation. Arguably, the central bank
should be held responsible primarily for developments in underlying inflation, and not necessarily for
high-frequency fluctuationsin inflation which it is unable to control. The delegated objectives analysed
in this study formalise the idea that the central bank is being eval uated based on its forecasts, as opposed

to realisations of variables.

To analyse the welfare properties of various objectives for monetary policy, we use a model in which
households maximise their utility by choosing consumption and renegotiating wages in a staggered
fashion, and firms engage in staggered price setting for their products. Because we wish to evaluate
economic performance under aternative policy rules, not only is it important to spell out the model
in terms of individual optimising behaviour, but the model should also perform well in explaining the
historical data. In Amato and Laubach (1999) we estimate the model with sticky prices and wages using
methods developed in Rotemberg and Woodford (1997). The estimated model is used for performing
the simulations reported in this study.

Our findings are twofold. First, a policy that aims solely at stabilising price inflation comes fairly
close in terms of welfare to the welfare-optimal policy. In this case, monetary policy should aim at
stabilising only fluctuationsin inflation that are forecastable five quarters ahead, as opposed to stabilising
all fluctuations. A policy that stabilisesthe conditional expectation of inflation five quarters ahead around
target reduces welfare |osses compared to a policy that aims at stabilising current inflation. The higher

unconditional variance of inflation under a policy that stabilises expected inflation five quarters ahead,



compared to apolicy of current inflation stabilisation, is more than offset by a reduction in the variance
of wage inflation. Second, however, a policy aimed at stabilising fluctuations in both price and wage
inflation dominates a policy of stabilising just price inflation. Stabilising merely fluctuations in price
and wage inflation that are forecastable at some horizon results in sizeable welfare losses. Hence, if an
objective in terms of more than one variable is to be delegated to the central bank, stabilising forecasts

isinferior to stabilising al fluctuations of those variables.

The results of this study contribute to a growing literature on “inflation forecast targeting”.! Svensson
(1997) considers the implications for optimal monetary policy when inflation can be controlled by the
central bank only with some time lag (the first of the two rationales mentioned above). In a model with
backward-looking private agents, the optimal policy when society cares only about inflation variability is
to set the centra bank’sinstrument such that the inflation forecast at the horizon of the control lag equals
the target. When society cares about both inflation and output variability, any discrepancy between
the inflation forecast and the target is reduced more gradually the larger the relative weight on output
stabilisation. Svensson and Woodford (1999) characterise optimal policy in the presence of control lags
in amodel with aforward-looking private sector. Again optimal policy can be expressed in the form of a
condition for the path of the central bank’s inflation forecasts. Both of these articles provide arationale
for the use of forecasts at the horizon of the control lag, but are not concerned with the use of forecasts at
ahorizon longer than this control lag. By contrast, in the practice of many central banks, forecasts well

beyond the shortest horizon at which monetary policy can significantly affect the goal variables seem to
play akey role.

The contributions by Batini and Haldane (1999) and Levin et a (1999) consider one particular
formulation of the issue of forecast horizon. Batini and Haldane consider the use of feedback rules
in which the central bank sets the short-term interest rate in proportion to the discrepancy between its
inflation forecast at a certain horizon and the inflation target. In a largely backward-looking model
calibrated to the UK economy, they find that forecast horizons between 4 and 7 quarters minimise a
weighted average of inflation and output variability. Levin et al compare the performance of interest
rate rules such as Batini and Haldane's to conventional feedback rules (similar to Taylor’'s) within four
different models, and find that advantages of forecast-based rules over conventional ones are minor
at best, and nonrobust across model specifications. Moreover, once forward-looking behaviour of the
private sector becomes more important, the use of forecast-based rul es oftentimes causes indeterminacy

of rational expectations equilibrium. Because the model used in this article emphasi ses forward-looking

1 Our analysisis concerned with the role that the central bank’s own forecasts play in setting monetary policy. Accordingly,

we are not analysing any problems associated with the central bank’s use of outside forecasts, as considered in Bernanke
and Woodford (1997).



behaviour of the private sector, this drawback of modelling the use of forecasts via a specific form of

feedback ruleis particularly pertinent.

Batini and Nelson (2000) define the concept of the optimal policy horizon asthe welfare-optimal horizon
withinwhich inflation should bereturned to itstarget level following ashock, asdistinct from the optimal
feedback horizon, which isthe optimal horizon according to the Batini-Hal dane definition. The concept
of forecast horizon emphasised in this article differs from Batini-Nelson’s optimal policy horizon in that
their concept isnot cast in the operational form of an objective delegated to the central bank. Depending
on the importance of forward-looking elements in their models, Batini and Nelson find optimal policy

horizons between 9 and 18 quarters.

The contribution most closely related to this study isthat of Smets (2000). Smetsinterpretsthe objective
of price stability delegated to the central bank as a constraint that at each point in time the central bank’s
instrument has to be set such that the expectation of inflation (or the price level) at some specified future
date is on target. Only subject to this constraint is the central bank free to pursue secondary objectives
such as minimising output gap or interest rate variability. Depending on the precise form of the socia
loss function and the objective delegated to the central bank, Smets finds in a model calibrated to the
Euro area that the optimal policy horizon is between 3 and 8 years. Hiswork is similar to ours in that
monetary policy is conducted under a delegated objective different from the social loss function, and
the issue of interest is the optimal form of the delegated objective. However, presenting the primacy of
price stability as a constraint on the central bank has the implication that the central bank is forced to
achieve its primary goa under any circumstances, whereas our formulation of objectives alows for a

more gradual tradeoff among objectives.

The remainder of the paper is structured as follows. In section 2, we briefly present the model
and the estimated parameters.? In section 3, we present the objective that characterises individual
welfare and introduce the forecast-based objectives. We then compare economic performance under
the different interest-rate policies that are optimal for the various objectives. Section 4 concludes. The
model’s structural equations and the welfare objective, presented in sections 2 and 3, are derived in two

appendices.

2. An estimated model for policy evaluation

In this section, we describe the model which we use in our policy simulations. The model is a dight

variant of the one developed in Erceg et a (2000). It isamodel of price inflation, wage inflation and

2
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output determination in which the real effects of monetary policy are due to imperfect competition and
staggered price and wage setting in goods and labour markets. A model with nominal rigiditiesin both
goods and labour marketsisinteresting for several reasons. First, evidence on staggered wage setting is
certainly at least as persuasive as evidence on staggered price setting. Furthermore, as demonstrated in
Erceg (1997), staggered wage setting generates aflat marginal cost schedule at the individua firm level,
and hence persistent output effects of monetary shocks, without assumptions on the elagticity of labour

supply that are in conflict with evidence from micro data.

More directly related to the questions raised in the introduction, Erceg et a (2000) show that the model
with staggered price and wage setting generates a tradeoff between the variability of price inflation,
wage inflation and the output gap. If there is more than one source of nominal rigidity in the economy,
stabilising the price level does not imply stabilising output around the Pareto-optimal level that would
obtain in the flexible price and wage case. This is in contrast to the results of, eg, Rotemberg and
Woodford (1997), who show that in a model with only one nominal rigidity, complete output gap and
inflation stabilisation is feasible, and hence no output-inflation variability tradeoff exists. A model with
staggered price and wage setting, therefore, provides a framework in which the validity of Goodhart’s
suggestion discussed in the introduction can be assessed.

The spending relation that we use is an example of a “forward-looking IS equation” (eg McCallum and

Nelson, 1999), which can be derived from the representative househol d’'s consumption Euler equation:

(1) Y = —0'E; Z[RT — 1] + Gy

T=t
where Y; is (log) output, R; is a one-period nominal interest rate, 7, is the one-period rate of price
inflation and G; is a “demand shock”.3 All variables are expressed as percent deviations from their
steady-state values, as indicated by the ". Because steady-state inflation is assumed to be 0, 7; = .

The parameter ! denotes households’ intertemporal elasticity of substitution in consumption.

The assumption for wage and price adjustment we use is a variant of Calvo’s (1983) staggered price
setting. Each period a fraction 1 — A\ of households is chosen at random and independent of their
individual histories, and is being offered the opportunity to set a new wage. Hence, from the perspective
of anindividual household, thewage setin period ¢ applieswith probability 1in period ¢, with probability
\ it appliesin period t + 1, with probability A? in period t + 2 and so forth. The (linearised) condition

characterising households' optimal choice of wages implies the following law of motion for wage

3 Thevariable G is acomposite of government expenditures (assumed to be exogenous) and taste shocks.



inflation:

2 = kY (Y — YY) — 6y + BEm

where 7" is the rate of wage inflation, @, is the real wage and Yt“’ the level of output consistent with
stable wage inflation.* The coefficient < describes the elasticity of wage inflation with respect to the
gap between actual output ¥; and Yt“’. Because the coefficient 6% is positive, positive deviations of the

real wage from steady state reduce wage inflation.

Analogous to wage adjustment by households, we assume that firms set prices according to Calvo.
This leads to a version of what has been called the New Keynesian Phillips curve by Roberts (1995)
and others. Each period a fraction 1 — « of firms is chosen at random and independent of their
individual histories, and is being offered the opportunity to adjust their price. The (linearised) condition

characterising firms' price decisions then impliesthat price inflation devel ops according to
3) T = KP(Y; — YP) + 6P, + BEymisa

where Ytp isthe level of output consistent with stable price inflation. The positive coefficient 67 implies

that positive deviations of the real wage from steady state raise price inflation.

The model used in the simulations below isactually dightly different from that represented by equations
(1)-(3). Namely, asin Amato and Laubach (1999), we introduce implementation lags in the optimising
decisions of households and firms in a way analogous to Rotemberg and Woodford (1997). As shown
in these studies, this modification improves the fit of the model to US data. Specifically, we assume that
households choose their consumption purchases two periods ahead.? The result is that expectations in

(1) are now conditioned on information as of time ¢t — 2, so that the IS equation becomes

(4) Vi=—0""E Z[RT — 4] + Gy
T=t

We also assume that similar delays are involved in implementing wage and price changes. At the end of
period t — 1, afraction v* of those households who choose a new wage can apply this wage beginning
at date t, while the remaining fraction 1 — v* must wait till the beginning of datet + 1. Thisleadsto a
modified equation describing the evolution of wage inflation

() T = (1= Y")Ep_on + 9% |KY(Y; — Vi) — 6 (dy + vio1) + BE 17

4 Specificaly, Y;* and its analog Ytp in (3) denote percent deviations from steady state of the levels of output consistent
with stable wage and price inflation respectively. These deviations are caused by fluctuations in the exogenous stochastic
disturbances of the model, and can be interpreted as supply shocks.

Although this choice of decision lag is somewhat arbitrary, it is no more arbitrary than choosing to specify our model

at aquarterly frequency — or, for that matter, any frequency — in the absence of compelling evidence to the contrary.
Instead, we could introduce and estimate a free parameter that captures the average decision lag of households due to, eg,
time-to-build constraints.



where the coefficient v = v A/(1 —~+*(1 — X)) equals 1 for v = 1, the case in which all wage
adjustments are effective the following period. The variable v, istherevisionfromt¢ —2tot — 1 in
expectations of the long-term real interest rate in period ¢. Such revisions reduce wage inflation because

they raise the returns househol ds expect from their future earnings.

The same type of assumption is made for price setters, giving a modified relation for the determination

of priceinflation:
(6) me = (1= YP)Ey_omy + yP |kF(Vy — YF) + 6Py + BEr_ 17441

where 7P is the fraction of firms who can apply a hewly chosen price at the beginning of period ¢ and
PP =Pa/(1—1P(1 - a)).

21 Choice of parameter values

The simulations of alternative policy rules that we perform in the next section require us to specify
stochastic processes for the shocks and provide values of the model parameters. Here we utilise estimates
obtained in Amato and Laubach (1999) because the model is identical. The parameter estimates are
presented in Table 1. The results are based on quarterly US data on real GDP, the GDP deflator,
compensation per hour and the federal funds rate from 1980:1 to 1997:3. Below we briefly discuss

the values obtained for the parameters.

Table 1
Structural parameters

Preferences Wage Inflation Price Inflation
6 0.99quarter | A 0.66/quarter | « 0.66/quarter
o 0.26 Y 0.56 P 0.56
KY 0.035 KP 0.019
oY 0.066 oP 0.058

The steady-state gross real rate of return in our model is 37!, and since the average ex post real interest
rate in the sample is one percent (on a quarterly basis), we set § equal to 0.99. The intertempora
elagticity of substitution o~! is 3.9, which is larger than what has been found in the non-durable
consumption literature, but may be justified since consumption in our model proxies for all interest-

rate sensitive components of output. The parameters \ and « are chosen such that wages and prices



remain unchanged on average for 3 quarters, consistent with several survey studies. The valuesv* and
~P are estimated to be 0.56, which means that slightly more than half of newly chosen wages and prices
are implemented in the next quarter. Given the other parameter values, our estimates for * and kP are
consistent with steady-state markups in labour and goods markets of 13% and 19% respectively. While
we are not aware of any empirical evidence concerning the markup of real wages over the margina
rate of substitution between leisure and consumption, our estimate of the steady-state markup in goods
marketsis consistent with findings in other studies. Finally, the parameter 67 reflects the estimate of xP
and an assumed labour share in income of 2/3, while the parameter 6* is consistent with the estimate of

k", alabour share of 2/3, and an elasticity of households’ disutility from labour supply of 5.

3. Alternative objectivesfor monetary policy

The goal of this section is to characterise the behaviour of the economy under various objectives for
monetary policy, and to evaluate the desirability of these objectives in terms of their welfare properties.
The section starts by providing an approximation to the lifetime utility of the representative household,
expressed in terms of aweighted sum of the variances of the endogenous variables. This approximation
facilitates the evaluation of the welfare consequences of alternative policies. The second subsection
presents what we call “forecast-based objectives’ for monetary policy. The purpose is to formalise
the notion that the central bank is instructed to minimise fluctuations in some goal variables that are
forecastable s periods ahead.

We then evaluate the welfare properties of various such objectives, and in particular the importance
of the “policy horizon” s. Monetary policy is assumed to operate by using simple feedback rules for
the short-term interest rate, eg Taylor-type rules, where the parameters in these rules are chosen to
optimisethe particular delegated objective under consideration. It has been argued that such simplerules
are attractive because they enhance the transparency of monetary policy, which is complementary to
considering forecast-based objectives as a means for simplifying the institutional structure of monetary

policy. Our results using this approach are presented in the third subsection.

31 Household welfare

The criterion for evaluating alternative policies is the expected value of the representative household’s

welfare. In Appendix B, we show that this quantity can be approximated by

(7) W = —Q[L + (1 + ¢2)7?]



where
L = war(m)+ (1/1’771 — wvar(my — Eir—om) + clvar(Et_gDA/t — Yﬂ)

(8) + ¢ |var(my) + (W”fl — Vvar(ny’ — Ey_om}’)

isthewelfareloss associated with variability of the output gap and price and wageinflation, and €2, ¢; and
co are combinations of the model’s parameters. The measure of potential output Yf, the Pareto-efficient
level of output that would obtain under completely fiexible prices and wages, is a convex combination

of the values of output consistent with flexible prices (Ytp ) and wages (th).

Theform of thislossfunctionissimilar to ad hoc objectives assumed in many studies of monetary policy
design, and similar to the concern for output and inflation variability expressed in, eg, Taylor (1979).
The coefficients ¢; and co express the weights of output gap and wage inflation variability relative to
priceinflation variability in (8). For our parameter estimates, ¢; = 0.13 and co = 0.89. The small value
of ¢; implies that an increase in the variance of price inflation is roughly eight times as costly as an

equivalent increase in the variance of the output gap.

The presence of thefirst moment 72 in (7) is dueto the fact that even aconstant, perfectly anticipated rate
of inflation different from zero forces households and firms to adjust their wages and prices whenever
they have the opportunity to do so. The implied dispersion of relative prices and wages is welfare
reducing because at any point in time the condition that the real wage equal the desired markup over the
marginal rate of substitution is violated for most households, and likewise the condition that price equal
the desired markup over marginal cost is violated for most firms. The first moment term is important
onceit istaken into account that nominal interest rates cannot fall below zero in an economy where non-
interest-bearing money is held. Suppose a given interest rate policy implies an unconditional standard
deviation o(R) for the nominal interest rate, and that under such a policy al realisations of the interest
rate are confined to an interval of size ko( R) on each side of the steady state value R. For the zero lower
bound on nominal interest ratesto hold at all times, R > ko (R) hasto hold. Since R = 7 + p, iethe
steady state nominal interest rate equals the steady state inflation rate plus the steady state real interest
rate, we have that 7 > ko(R) — p. Thislast inequality shows that a more volatile interest rate policy
can only be implemented at the cost of a higher steady state inflation rate, which reduces welfare. In the

results reported below, we take this constraint into account by eval uating the objective

(9) W = —Q[L + (1 + ¢2)(max{ko(R) — p,0})?]



The values of £ and p are set to 2.46 and 3.04%, respectively, which have been estimated using the US

data from our previous work.

3.2 Forecast-based objectives

Asdiscussed in the Introduction, the rationale for having policy decisions depend explicitly on forecasts
may be sought either in the dynamic response of goal variables to interest rate changes, or in the
argument that by stabilising forecasts for a subset of goal variables, the outcome may resemble the
one in which policy aims at stabilising the realised values of all goal variables. To formalise the use of
forecastsin policy decisions, we assume that the objective del egated to the central bank can be described
by

(10) gl%itf]}E (Bmiys — 1) + X1 (Ee[Yigs — Vi) + xe (B, —7)°

This loss function penalises deviations of forecasts, ie conditiona expectations, of goal variables from
target.® The outer (unconditional) expectation makes the optimal path of interest rates (eg the interest
rate rule) independent of the state of the economy when it is chosen. It is instructive to rewrite the

objective (10) as

(12) min var(Eymyss) + xyvar(ByYies — Vi) + xovar (Byriy,)

For the special case of (11) with s = 0, the central bank is charged with minimising some combination
of the unconditional variances of the goal variables.” By increasing s, the central bank is instructed to
stabilise only the component of fluctuations in the goal variables that is forecastable beyond a particular
horizon. In respect of the zero lower bound for nominal interest rates, we append (11) to penalise

excessive variation in R; (asin the previous subsection). The problem is thus to minimise
FBO(s) = var(Emys) + xyvar(ByYips — Vi)

(12) Fxpvar(B,,) + (1+ o) (max{ko(R) — p,0})?

Inspection of the welfare loss (8) associated with variability of the output gap and wage and price
inflation suggests that stabilising merely some forecastable component of fluctuations in the goal
variables is not welfare improving. Not only are al fluctuations in al three endogenous variables

welfare-reducing, fluctuations in wage and price inflation that are unforecastable two periods ahead are

6 The results reported below remain qualitatively unchanged when, instead of the forecast of the variables at some future

point, the average of forecasted values over a number of quarters enters the objective. The latter may correspond more
closely to the practice of focussing on forecasts of, say, annual inflation over the second year ahead.

It is important to note that the case with x, = 0 does not correspond to the case most commonly considered in the
literature because the measure of the output gap in (11) has a different interpretation from what most authors use. The
measure of output gap used in studies such as Taylor (1993) is exactly our variable Y, the deviation of log output from
its steady state. In our empirical work, we measure the steady state output level using alinear trend estimated over our
sample. See Amato and Laubach (1999) for further discussion of thisissue.

10



particularly undesirable, as they cause additional distortions due to the particular specification of price
setting considered in the model. Hence, the rationale that, due to lags in the transmission mechanism,
monetary policy should aim at stabilising forecasts instead of actual values of goal variablesis certainly
not an implication of our model. This holds despite the fact that in our model monetary policy does have
lagged effects on all the endogenous variables.

Suppose, however, that monetary policy is directed at stabilising only a subset of the variables entering
the welfare objective (9), ie that in (12) either y; or x, or both equal 0. The case of x; = xy = 0,
combined with an appropriate horizon, may for instance be viewed as a reasonable description of
inflation targeting, as suggested by Goodhart (1998). As discussed in the introduction, delegation
of such a restricted objective may be sensible if it increases the transparency and accountability of
the central bank. Moreover, delegation of a less restricted objective involves specifying values for
x; and x5, agreement on which may be hard to reach. Under such a restricted objective, stabilising
only those fluctuations of the variable(s) entering (12) that are forecastable at some horizon, instead
of al fluctuations, may be welfare-improving according to the objective (9). This would be the case
if fluctuations in the variables entering (12) that are forecastable beyond a particular horizon are more
highly correlated with the weighted average of fluctuationsin the endogenous variabl es entering (8) than
are al fluctuations in the variables entering (12). In the next subsection, we report results for the cases

in which either x4, or s, or both are set to 0.

3.3 Resultsfor simplerules

Interest-rate rules that implement the optimal plan for some given objective are generally complicated.
Rotemberg and Woodford (1999) show that, for their model, rules confined to a few terms closely
approximate the welfare achieved by unrestricted optimal plans. Also, because simple rules are more
transparent, they are more likely to be inferred by private agents, thereby increasing the chance that a
committed policy will reap its benefits. The form of smple rule we use includes feedback from real

wages and lagged interest rates:

(13) Ry = ay + by + ¢Y; +dRy_;

Tables 2 and 3 present results from simulating the model under various interest-rate rules, which have
been obtained by minimising the objective (12) over the coefficients a, b, ¢ and d in (13) for the horizons
listed at the top of the table. In Table 2 we report results for the case in which xy; = x, = 0, while
in Table 3 we consider results when either x; or x, is different from 0. For comparison, the final two

columns of Table 2 present results under the rule that minimises the welfare criterion (9), and under the

11



historical rule estimated in our previous work.2 For each different objective, the table first presents the
resulting coefficients for the interest-rate rule, followed by the unconditional variances of the model’'s
endogenous variables, the level of steady-state inflation necessary to avoid the zero lower bound for
nominal interest rates to be binding, and finaly the value of the term inside brackets of the welfare
criterion (9). The variances of wage and price inflation and the interest rate are expressed in annualised

percentage points, while the variance of output and the output gap are measured in percentage deviations

from trend.
Table 2
Minimization of forecast-based objectives. xy; = x, =0

Horizon 1 4 5 8 12 16 W VAR

a -004 011 013 -002 0.00 -020 025 -

b 076 072 071 070 064 059 0.76 -

c 003 -003 -002 001 000 -002 0.02 -

d 107 101 102 104 100 094 113 -
Var(f%) 157 155 155 155 155 154 156 6.14
var(m) 036 045 044 036 039 055 044 200
var(m — E_om) 021 025 025 022 023 022 024 043
var(m®) 229 208 205 223 217 263 207 394
var(n¥ — E om®) | 174 154 152 171 169 202 145 202
Var(f/) 1094 1523 1481 1165 1287 1463 1207 412
Var(E,g(Y — Ye)) 9.29 1067 1061 944 979 1049 998 10.76
T 004 002 002 003 002 002 003 305
566 557 552 561 562 662 537 26.89

Care should be taken in interpreting the coefficients in the various interest-rate rules because their values
are determined jointly so that monetary policy responds optimally to the given restricted set of state
variables on the right-hand side of (13). However, it is interesting to note that the response to both the
current real wage and current output is weak and in some cases negative. By contrast, the response to
current inflation is strong under any of therules. Finally, the coefficient on the lagged interest rate almost
always exceeds 1. Due to the link between interest rate variability and the steady-state level of inflation

8 In our previous work, we identified the historical policy rule with the interest rate equation from a VAR, allowing for

contemporaneous feedback from the other endogenous variables.
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discussed in section 3.1, a commitment to highly persistent interest-rate changes is optimal, as argued
by Woodford (1999b).

The high degree of interest rate inertia under all the simulated rules, and the fact that agents in our
rational expectations model anticipate thisdegree of inertia, impliesthat all simulations are characterised
by low (compared to historical standards) interest rate variability. Moreover, the small values of the
steady-state inflation rate 7 induced by the interest-rate variability shown in the second to last line of
Table 2 indicate that the welfare gains from further stabilisation that could be achieved by amore variable

interest-rate policy are too small to warrant the concomitant increasein 7.

Thevariance of price inflation under al the objectivesisonly asmall fraction of itshistorical value. This
reflects the large weight given to inflation stabilisation under all the objectives, which is furthermore
perfectly understood by agents. The variance of output is much larger under any of the smulated rules
than under the historical one, while the same is not true for the output gap. Whereas in the model the
only rationale for output stabilisation is stabilisation of output around its efficient level, such behaviour
does not seem to characterise historical policy. This suggests that the process Y is more similar to
policymakers’ estimate of the output gap than the discrepancy between detrended output and the highly
variable process of estimated disturbances to the efficient level of output Y©.

Significant differencesin economic performance under the various objectives appear in the comparisons
of the variances of price and wage inflation and the output gap. The most important feature is that
for horizons up to 12 quarters, the variances of price inflation and the output gap are almost perfectly
correlated, while the variance of wage inflation movesin the opposite direction. While the unconditional
variances of price inflation and the output gap increase almost monotonically by moving from horizon
1 to horizon 5, the unconditional variance of wage inflation is reduced sufficiently to more than offset
the welfare loss from the increase in price and output gap variance. The variances obtained under the
rule that minimises (9) aso suggest that a slight increase in the variance of price inflation is necessary
to achieve a substantial reduction in the variability of wage inflation. Among the various simulated rules
reported in Table 2, the one minimising expected inflation 5 quarters ahead comes closest in terms of
welfare to the one that is optimal under the objective (9). Minimising the unconditiona variance of
inflation (ie horizon 1) or the variance of expected inflation 4, 8 or 12 quarters ahead generates only
marginally higher welfare losses. By contrast, minimising the variance of expected inflation 16 quarters

ahead leads to considerably higher welfare losses.
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Table 3
Minimization of forecast-based objectives: x;, xo # 0

X1 =¢1,X2=0 X1 =0,x2 =2

Horizon 1 4 8 12 1 4 8 12
a -0.03 010 009 005 | 013 001 015 -0.01

b 079 069 063 064 | 058 053 050 053
c 004 -002 -003 -003 | 000 -0.03 -0.07 -0.04

d 109 101 098 098 | 102 094 092 092

var(R) 160 155 154 155 | 153 153 155 154
var(r) 036 043 047 046 | 044 053 110 o061
var(m — E_om) 021 025 026 026 | 026 027 039 0.28
var(m®) 231 206 205 210 | 201 216 239 225
var(n¥ — E_s7n™) | 1.73 155 154 161 | 151 168 142 172
var(Y) 1043 1450 1566 1552|1311 16.64 29.29 18.36
Var(E_g(Y — Ye)) 923 1045 11.00 10.76 | 10.36 11.36 1911 1204
T 007 002 002 002 | 001 000 002 o0.01

567 553 563 570 | 545 598 761 6.28

The first four columns in Table 3 report results for the case in which the coefficient x; is set to ¢,
the weight on the output gap term in the welfare objective (9), and x, = 0. Compared to the results
presented in Table 2, the variance of wage inflation is higher for the shortest horizon, the case in which
the unconditional variances enter the objective (12), but lower for the remaining three horizons. By
contrast, the variances of price inflation and, interestingly, the output gap, are lower at horizons 1 and
4 when the output gap term isincluded in (12), but higher at the remaining horizons. Hence, charging
the central bank with output gap stabilisation seems to have the desired effect only if the central bank
is charged with minimising the variability of all fluctuations in the goal variables, and not just those
forecastable at a horizon longer than one year. In terms of welfare, the tradeoffs among the variances
of the various goal variables as the horizon changes lead to the lowest welfare loss for horizon 4, but
affords only a slight reduction in welfare losses compared to the case without output gap stabilisation
entering (12). Increasing x; to valueslarger than c; leadsinitially to margina improvementsin welfare,

but soon thereafter welfare is reduced compared to x; = 0.

The last four columnsin Table 3 consider the case in which y; = 0 and x, is set equal to the coefficient

co in (9). In this case, stabilisation of al fluctuations in wage and price inflation leads to a sizeable
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reduction in the variance of wage inflation, as one might expect, compared to the case of x, = 0, while
the variances of price inflation and the output gap increase moderately. Of all the cases considered in
Tables 2 and 3, this one yields the closest approximation in terms of welfare to the welfare-optimal rule
displayed in Table 2, despite the fact that the coefficientsin the two interest rate rules are quite different.
By contrast, stabilising only those fluctuationsin price and wage inflation that are forecastable 4 quarters
or more ahead |eads to much higher variances of the output gap and price and wage inflation compared to
the case of x, = 0. The component of aweighted average of price and wage inflation that isforecastable
4 or more quarters ahead is apparently not nearly as closely correlated with the combination of variables
entering the welfare objective than is either current price and wage inflation, or price inflation that is

forecastable 4 or 5 quarters ahead.

4. Conclusions

Thisarticle has studied the welfare consequences of delegating to the central bank the task of minimising
fluctuations in a subset of the model’s endogenous variables that are forecastable at some horizon.
Studying the implications of these delegated objectives is motivated by the observation that a number of
central banks operate under directives which are not necessarily intended to reflect society’s preferences
over various goal variables. When the objective delegated to the central bank penalises fluctuations in
only a subset of the variables that the public cares about, it can be welfare-improving to require that the
central bank stabilise only fluctuationsin this subset of variablesthat are forecastable at some horizon, as
opposed to fluctuations at al frequencies. The rationae for this use of forecastsis that the forecastable
components of the subset of variables may be more highly correlated with all fluctuations in the entire
set of variables that society cares about. Based on our model determining price and wage inflation and
output, we find that if an objective defined solely interms of price inflation variability is delegated to the
central bank, the requirement that only the fluctuations forecastable 5 quarters ahead should be stabilised
is welfare-improving. However, if the objective delegated to the central bank may be specified over the
variability of more than one goal variable, the best aternative to delegating the welfare objective (9)
directly isto delegate the minimisation of the unconditional variances of both wage and price inflation.
In this case, stabilising merely forecastable fluctuationsin these two variables|eads to significant welfare

| osses.
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A. The structural mode

In this appendix, we derive the equations of the model introduced in section 2.

Al Setup

The economy consists of acontinuum of househol ds and firms, and there isacontinuum of differentiated,
perishable goods and differentiated kinds of labour services. Each household isthe monopolistic supplier
of one kind of labour service, and consumes a CES aggregate of al the differentiated goods. The
household sets a nominal wage for its labour services, and supplies as many hours as are demanded at
its chosen wage. Each firm is the monopoalistic producer for one good, and uses a CES aggregate of
households' labour services in the production process. The firm sets a price for its good, and satisfies
demand at this price. Because the analysis focusses on the effects of monetary policy at the business

cycle horizon, capital accumulation is not modelled.

Households Household 7’s utility is defined over the index C?, where

1 =
(14) ci — [ / cg<z>7dz]
Jo
z denotes a specific good, and # > 1 parameterises the elasticity of substitution in the household's
preferences between the various goods. As 6 gets large, goods become ever closer substitutes, whereas
if 6 approaches 1 from above, goods are less and less substitutable. Hence 6 also measures the market

power of each of the firms located on the interval [0,1], with market power decreasingin 6.
The “consumption-based price index” is defined as
a1 i
(15) P = {/ pt(z)l_edz]
J0
The price index P; denotes the minimum amount the household has to spend to obtain one unit of the

composite good C; defined as in (14). Maximising the index (14) for a given level of consumption

expenditure, the household allocates consumption across individual products according to

(16) i(z) = [p M] e

Py
Household i is the sole supplier of labour services k¢, and its objective is to maximise

(17) Ey

> B (w(Ci; &) — v(hy; @))]
t=0
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subject to ademand schedule for its labour services and the budget constraint
(18) Eyfb 441 A1) < Aj + Wihi + 11, — BCY

Within each period, the household derives utility u(-; ;) from consumption C; as defined in (14), while
supplying hours R reduces utility, as indicated by the function v(-;¢,). In the budget constraint, P
denotes the price index defined in (15), and A; denotes the nominal value of the household’'s holdings
of financial assets at the beginning of period t. WY is the hourly wage that household i charges, and
IT; the household’s share in firms' profits, which we assume are distributed lump-sum to households.
6t - is astochastic discount factor, pricing in period ¢ assets whose payoffs are in period 7. Financial
markets are assumed to be complete, and in particular there exists a riskless one-period nomina bond,
the grossreturn onwhichisgivenby R; = (Et6t7t+1)—1. The stochastic disturbances ¢, and ¢, affect the
household's utility from consumption and disutility from labour supply, respectively. The household’s

choice variables are consumption and hours or, given the demand function for its labour services, its

wage.

Firms Firm z is the monopolistic supplier of good z, which it produces according to the production
function

(19) yi(z) = MR Hy(2)'

where 7, denotes a stochastic technology disturbance, the capital stock employed by each firm is fixed
at K, and the firm’s labour input is a CES aggregate of different households’ labour services

b

-1 . pr—
(20) Hy(2) = [ / hfg(z)sz’]
J0
The parameter ¢ > 1 characterises the elasticity of substitution between the various types of labour

services. Thewage index W; is defined as

1 =
(21) Wy = [ / (W;’)l—%']
0
Maximising the index (20) for a given level of wage payments, firm z allocates demand for individua

labour services according to

(22) hi(z) = {W

}_(ﬁ Hy(z)

Aggregate demand for output is defined as Y; = C; + Gy, where C; = fol Cidi, and Gy is an
exogenoudy given component of demand for output, which is assumed to be determined one period
ahead. Assuming that G; is alocated across the different goods by maximising an index defined

anal ogous to the consumption index (14), the demand faced by firm z is given by

(23) yo(z) = {p ;ﬂf)} v

17



Analogously, by integrating (22) across firms, the demand for its labour services faced by household i is

i1—¢
(24) hi:[Wt} Hy

where H; = fol Hy(z)dz.

A.2 Approximation of first-order conditions

We now characterise households' utility-maximising consumption and wage decisions, and firms' profit-
maximising price choices. Because we wish to use solution methods for linear rational expectations
models, the equilibrium conditions we use are log-linear approximations to the exact, nonlinear first
order conditions of households and firms. For reasons discussed in Woodford (1999a) the welfare
analysis later on is facilitated by log-linearising around the efficient steady state, ie the steady state
corresponding to a situation without market power and nominal rigidities in goods and labour markets.
The efficient steady state level of output is determined by the condition that households' marginal rate

of substitution between labour and consumption equal marginal product of labour, ie
vp(H(Y);0)
uc(Y — G;0)
where Y and G denote the steady state values of output and exogenous demand respectively. The

(25) =(1—-a)(Y/K) ™=

presence of market power of households and firms implies that, absent some offsetting policy, the steady
state output level is below this efficient level of output. To justify log-linearising the exact equilibrium
conditions around the efficient steady state, below we will have to assume that tax policies are in
place which offset the inefficiencies caused by imperfect competition in goods and labour markets.

Furthermore, we log-linearise around a steady state in which there is zero price and wage inflation.

“1S equation” Households are assumed to choose their consumption purchases two periods ahead, ie C?
ischosenint — 2. The decision lag for consumption implies that the household's Euler equation takes
theform

(26) Etuc(0f+2; i) = Et)‘i+2pt+2

where \! denotes household i’s marginal utility of income at date ¢. Since households are free to take

investment decisions each period with immediate effect, \; hasto satisfy
(27) At = BERiAi41]

Dropping the superscript ¢ implicitly assumes that, because of complete markets, households insure
themselves against al idiosyncratic risk, and therefore the path of consumption is identical across

households. Let \; denote the percentage deviation of A\, P, from its steady state value. Then the log-
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linear approximation of (27) is

(28) At = Et[Rt — T4l + 5\t+1]
(29) = Z Ei[Ry — mp41]
T=t

where R, is the percentage deviation of the interest rate from its steady state value consistent with zero

inflation. The log-linear approximation of the Euler equation (26) istherefore

[e.°]

(30) — GEi[Cra —&ial = Y Ei[Rp —mry]
T=t+2

where C; = (C; — C)/C denotes the percentage deviation of consumption from its steady state value
C, 6 = —uee(C)C/uc(C), and &, = —(uee(C) Juce(C)C)E, isthe disturbance to the marginal utility of

consumption.

Log-linearising aggregate demand around the steady state yields
(31) Y; = 5.0 + Gy

whereY; = (Y; - Y) /Y, G; = (G; — G)/Y, and s, = C/Y. By substituting from the log-linearised
aggregate demand equation for C;, the Euler equation can be written as
(32) Yi=—0"'E 4 Z[RT — Trg] + Gy
T=t
where ¢ = 6/s. = —ue(C)Y Ju (C), and G; = Gy + s.E;_2€,. Equation (32) is the model’s “1S

equation” and isidentical to equation (4) in the main text.

Wage inflation The assumption for wage and price adjustment we use is Rotemberg and Woodford's
(1997) variant of Calvo's (1983) staggered price setting. Each period afraction 1 — A of householdsis
chosen at random and independent of their individual histories, and is being offered the opportunity to
set anew wage. Rotemberg and Woodford assume furthermore that at the end of period ¢t — 1, afraction
~* of those households who choose a new wage can apply this wage beginning at date ¢, the remaining
fraction 1 — 4% applies this wage beginning at date ¢ + 1. Let 1! denote the wage chosenin¢ — 1 by
those househol ds whose wage comes into effect in period ¢, and let 172 denote the wage chosen int — 2

by those househol ds whose wage comes into effect in ¢. The aggregate wage level is then given by

(33) Wi = AW 4+ (1= My (WH0 4+ (1= M) (1 — ) (W)=

The wage W}! is chosen to maximise

o0 1\ ¢ 1\ —¢
(34) Ei1y (M) [)\T(l + 7o) Wy <%> Hp —wv ((%) Hr; CT)]

T=t
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Since the wage chosen at the end of period ¢ — 1 will apply at time ¢ with probability 1, at time ¢ + 1
with probability A and so forth, the household discounts utility in future periods conditional on ;! still
applying by (\3)T—t. Marginal utility of income at any point in time is the same across households.
Therefore, the household's utility from charging wage W} in period 7T is given by the product of
marginal utility of income and earnings (the first term in brackets) less the disutility from supplying
(W} /Wg)~? Hr, the number of hours demanded at wage W' and aggregate wages and hours 1 and
Hr (the second term in brackets). T, denotes a subsidy for employment. By choosing 7, = (¢ — 1)1,

the effect of imperfect competition in labour markets on the steady state output level can be offset.

The first-order condition for 17! can be expressed as

e Wi —¢ Wi —¢ _ Wi
(35)E¢—1 ;(Aﬁ)T_t <W;> Hrp [Uh, ((ﬁ) HT;CT> _¢ 3 1/\TPT(l +7-w)P—; =0

Households choose their nominal wage in period ¢ — 1 such that the discounted sum of expected future

rea wages (1 + 7,,)W}' / Pr equals the discounted sum of expected future marginal rates of substitution
between consumption and leisure vh(h%r ; Cr)/(ArPr) times a markup % where we used h%f as

shorthand for the number of hours supplied in period 7" at wage W'

Let 0} = log(W}/W;). Theratio W,!/Wy can then be approximated as o} — 3 {7, . Similarly,
theratio
Wi _ Wi R

Pr Wi P, Pr
is approximated by o} + @, — 35| T4k, Where i, = log(W,/P;) denotes the percentage deviation
of the real wage from its steady state. Finally, using the production function (19), the deviation of hours

from steady state can be expressed as H; = - (Y; — ;).

With this notation, the log-linear approximation of (35) can be written as

o0 > T—t T—t
B Yr — ~ . w 2 R N
(36) B 1y (A3)" {w [%ZT —Cp— o0 = > ) | = Ar — (0f + by — Zw)} =0
T=t k=1 k=1

where w = vy, (H; 0)H /vy, (H; 0) measures the elasticity of the disutility of labour supply at the steady
statelevel of hours H and ¢, = — (vp¢ (H; 0) /vnn(H; 0) H)(, isthe disturbance to the marginal disutility
of labour supply. Combining (29) and (32) yields

(37) By \p = —0E1[Yr —Gr]VT >t +1
while taking expectations as of ¢ — 1 of (28) yields
Eiahe = Epq[Ry—men + Mgd]

= Et—l[Rt — 71 — o (Ve — ét+1)}

20



(38) = —UEt—l[Yt — Gt} + Vi
where
vier = B[Ry — g1 — 0(Yig1 — Yi — Gua + Gy)]

= FEiq Z(RT —mry1) — B o Z(RT — T74+1)
T=t T=t

Substituting these expressions for E;_; Ay into (36) and collecting terms, (36) can be written as

ad w ~ w ~ ~
Et—lZ(Aﬁ)Tt{<m+o—> YT_ 1_a?7T—LUCT—(TGT
T=t

T—t T—t
(39) —(1+we)d} +W¢Z7T;U+Ic_wt+z77t+k)} —vi1=0
k=1 k=1
Furthermore, we transform the double summation
o) T—t o) o)
SO mr = S 8T8k
T=t k=1 T=t+1 k=0
= (1-X87" (i@ﬂ)“w - m>
T=t

The double sum involving 7y is transformed anal ogously.

We next wish to obtain an expression for 4} in terms of 7. Dividing both sides of (33) by W; and

taking the logarithm yields
(40) 02 (1 —A)yYo 4+ (1= A)(1 —4¥)07 — A

Since W2 = Ey_s W},

(41) 02 = Fy_o0} — (¥ — Ey_om¥)
Substituting this expression into (40) we obtain

w 1—-A w w ~ w w
(42) 7 = = [0+ (1= ") (Buat} — (7} = Brom))]

Taking expectations as of ¢ — 2 on both sides, E;_,7y = 152 E;_»6} and hence
1—A 1 1 -y
5y f)tl =—m — v

43
( ) ¢w t ¢w
where ¢ is defined in the main text.

w

Substitute (43) for o, in (39) and use the transformation for the double sums and the fact that
E;_1vi4j = 0Vj > 0; derive the corresponding relation for W2; and, use the log-linear approximation
of the wage index (33). Combining we obtain the following law of motion for the rate of wage inflation
= log(We/Wi_1):

KY(1—a)

(44) 7 = (1— ") Ergmy’ + 4" |K¥(Y; — V) — cro(i—a)

(W +vi—1) + BE 1

21



where the coefficient
w_ 1=X1=X3) w+oa(l—a)
A (14 ¢w)(1—a) A
describes the elasticity of wage inflation with respect to the gap between actua output Y; and

=
Il

N 1—a w
(45) Y/ /'=——" ———F; 1 |—

¢+ oG
w+o(l—a) T+ Wi+ oG

1—a
the level of output consistent with stable wage inflation. This is equation (5) in the main text, where

w _ K“(1—a)
0 = w+o(l—a)"

Price inflation Price adjustment by firmsis modelled anal ogous to wage adjustment by households. Each
period afraction 1 — « of firmsis chosen at random and independent of their individual histories, and is
being offered the opportunity to adjust their price. At the end of period ¢t — 1, afraction 4% of those who
choose a new price can apply this price beginning at date ¢, the remaining fraction 1 — ~? applies this
price beginning at date ¢ + 1. Let p; denote the price chosenint — 1 by those firms whose price comes
into effect in period ¢, and let p? denote the price chosen in ¢t — 2 by those firms whose price comes into

effect in ¢t. The aggregate price level is then given by

(46) P = [aPf + (1= a)yP(p}) 0 + (1 — a)(1 —P)(p}) 7

The price p} is chosen to maximise

oo pl —0 pl —0 Yo =
Tt 1 Pt i
(47) Ei 4 Zoz b [(1+Tp)py <P_T> Yr —Wr ((p_T> em)

T=t

Since the price chosen at the end of period ¢t — 1 will apply at time ¢ with probability 1, a timet + 1
with probability o and so forth, the firm discounts future profits conditional on p} still applying by
oT 8, 1, where §, 1 is the stochastic discount factor introduced in (18). The first term in brackets
denotes revenues in period 7" at price p}, the second term the firm’s labour cost implied by the level of
output that is demanded in period T at price p; . 7, denotes asubsidy for producing output. By choosing
T, = (0 — 1)1, the effect of imperfect competition in goods markets on the steady state output level
can be offset.

The first-order condition with respect to p; can be written as

0 pl —0
Ei 1) ol p <—t> Yr
2y

9 o 1\ —9 =
(48) A +mp - = —a) e Wy | (EL) vy
-1 Pr

Firms set the pricein period ¢t — 1 such that the price, adjusted for the subsidy, equals aweighted average

=0

of expected future marginal cost at the level of output demanded at price p;, times a markup 9%1
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A log-linear approximation to this first-order condition involves the same steps used above. Using this
log-linear approximation, as well as the corresponding relation for p? and the log-linear approximation
of the price index (46), we obtain equation (6) in the main text, given by

a)

o w(l-a) .
(49) m =1 —YP)Er_am + P [KP(Y: — YF) + (th + BE 1T 41

where ¢ = @, K =(1—a)(1—af)a/(a(l —a+0a)),YF =a LE; 1n, istheleve of output

consistent with stable price inflation and /¥ is defined in the main text.

To summarise, the model consists of the IS equation (32), the wage inflation equation (44) and the price
inflation equation (49). Except for stochastic disturbances, wage and price inflation are predetermined
one period ahead, output two periods ahead. The structural disturbances of the model are G, Y, and Y7,
Accounting for these shocks, which are predetermined one period ahead, makes wage and priceinflation
and output also predetermined one period ahead. The model parametersare 3,0, w, a, a, 0,77, \, ¢ and
~¥. In addition to the parameter values reported in Table 1, a is set to 0.25, and w is estimated to be 0.2.
Thevauefor a, together with the steady-state markup in goods markets of 19% implied by our estimate
of kP, implies a labour share of 63%. The estimates of ™ and P reported in Table 1 imply ¢ = 8.48
and 6 = 6.27.
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B. Approximation of household welfare

In this appendix, we derive the second-order approximation (7) to the unconditional expectation of the

representative household’'s welfare, which is given by

-1
(50) W=F [U(Ct;ft) - / ”(h%§Ct)di]
Jo
Specifically, we form a second-order Taylor series expansion of (50) around the steady state
characterised by the efficient output level Y defined in (25) and zero wage and price inflation. Hence,
we form the approximation around the same steady state around which the model’s exact equilibrium

conditions have been log-linearised.

Since the demand side of our model is identical to Rotemberg and Woodford's, the second-order
approximation of u(Cy; &,) isidentical to their equation (9.10) as well, which we reproduce here:
.1 A A

(51) u(Cy; &) = ucYYy + E(UCY + uchz)Yt2 - uchzGtY} +unf +tip + O(Hf‘P)
where un f stands for terms that are unforecastable two periods ahead (since in our model monetary
policy affects output only with a lag of two periods), and tip denotes terms that are independent of
monetary policy. ||£|| is abound on the amplitude of fluctuations in the exogenous disturbances, which
we take to be the samefor ¢, ¢, and 5. Theterm O(||¢||?) indicates that terms of third or higher order in
the deviations of the various variables from their steady-state values are being neglected.
Similarly, a second-order approximation of household i’s disutility of labour supply is given by

4 .1 - P I
(52) v(hi; ¢y) = v HRg + §(UhH + v H*)hi? — vpn H*C,hy + tip + O([[€]1%)
where hii = log(hi/H). Integrating (52) over i yields

1 . — A .
/ o(his )i = vn B E[fi]
0

(53) +%(UhH + vpn H?) (Ez [hi]? + Wﬂ'(’%)) — vp G, Eil ] + tip + O(|I€]1%)

By integrating (20) over z, we obtain

(54) H; = [ /0 1<hi>¢7ldz}

Using (54) and the fact that for arandom variable X, log E[X] = E[log X| + var(log X) + O(|| X|%),
we obtain that

(55) H, = log(H, /H) = E,[h] + ¢2_ L pars(hi)

Solving (55) for E;[hf] and substituting in (53) yields
1 i . D Uh,H 2D)
/ (b )i = v HH + 57 (14 ) B

JO
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(56) + (67t +wvars(h) — o B Hy + tip + O(IE]°)

where w isdefined asin (44).

We next wish to substitute for H; in (56) in terms of output. To do o, note first that the definition of
Hy = [} Hy(2)dz impliesthat

7) Ay = B.[H(2)] + gvar. (Fi(2))

Firms production function in turn implies that

68)  EL() = (- a) (Bfu(e)] - ), vars(H(2) = (1 - @) 2ear. (5 (=)
and therefore
(59) Fiy = (1= )7 (E030()] = 1) + =z 3n(2)

Finally, deriving an expression for ¥; analogous to (57), substituting from this expression for E. [§j;(z)]

in (59), and substituting the resulting expression for H; into (56) yields

.1 7 ry
i .ol | l+w ool wH | 2o 14w o
/0 U(tht)dl_ 1—a |:Y;f+ 2(1—G)Y;:| 1—a |:w<tht+ 1 _antYVt:|
vpH [1 1 -1 . l—a,, 4 . 3
6 |5 (2 - ) v+ 56 )] + i+ (1€l

Because the efficient steady-state level of output is characterised by (25), it follows that
’UhH . —

1—a ucY
Hence,
wC6) — [ ol = Y e (e - 52
6 5 (1 ) v - 6wy + i+ O
where
@ et e (i s )y

is the efficient level of output that would obtain if prices and wages were flexible. Taking the

unconditional expectation of (61) then leads to an expression for (50) of the form

O e G A B a )
6 (12, -5 ) Bl )] + (- (o + ) Blvan(i)] + i+ 0(lel
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We now wish to substitute for each of the three terms involving unconditional expectationsin (63). First,

rearranging the definition of var(Y; — Y,¢) yields
(64) B2 - 2E[ViVy] = var(Vi — V) + EV)? - B[] + E[V£)? - 2BV E[Yy]

The second and last terms on the right-hand side of (64) are zero because the unconditional expectation
of detrended output is zero by definition. The sum of the third and fourth terms equals —var(Yy), a
term that isindependent of policy. Hence, in (63) we can substitute var(Y; — Y;¢) for the left-hand side
of (64). Taking account of the fact that interest rates affect output only with two periods lag, we instead

substitute var (E;_»[Y; — Yi£]) in (63).

Second, from the demand functions for households’ labour services (22) and producers goods (23) it

follows that

(65) Elvar;(h})] = ¢* Elvar;(log W;)]
and

(66) Elvar,(§:(2))] = 0*Elvar,(log pi(2))]

Following the argument in Rotemberg and Woodford's Appendix 3, these equations can be rewritten as

(1_7>\>\)2 {var(ﬂ'?}) + (Tﬂw*‘ — Vwvar(n}’ — Ey_omy’) + (EW;U)Q}

67)  Elvari(hj)] = ¢
and

68)  Elvar:(4(2))] = * 5 _O‘a)z [var(m) + (W = Dvar(m — By_om) + (Bm)?)

where " and ¥/? are defined asin (44) and (49) respectively. Substituting (64), (67), and (68) into (63),

and noting that

-1 9 A 1= 28¢(w+o(l —a))
and
1 _9—1>92 a 1—af ba
1-a 0 (1—-a)? 1—a kP(l—a)
we obtain (7), where
Q:ucyl—aﬁ fa

2 1—a kP(l—a)
_[1—aB  ba lota+o(l—a)
“a= [ 11—« /Qp(l—a)}

1—a
and

_[1—aB  ba 11— ABo(w+o(1—a))
CQ:[I—a Iﬂ:p(l—a)} 1T— X K
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