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Abstract

In practice, central banks have been confronted with a trade-off between stabilising
inflation and output when dealing with rising oil prices. This contrasts with the result in
the standard New Keynesian model that ensuring complete price stability is the optimal
thing to do, even when an oil shock leads to large output drops. To reconcile this apparent
contradiction, this paper investigates how monetary policy should react to oil shocks in
a microfounded model with staggered price-setting and with oil as an input in a CES
production function. In particular, we extend Benigno and Woodford (2005) to obtain a
second order approximation to the expected utility of the representative household when
the steady state is distorted and the economy is hit by oil price shocks.

The main result is that oil price shocks generate an endogenous trade-off between infla-
tion and output stabilisation when oil has low substitutability in production. Therefore, it
becomes optimal for the monetary authority to stabilise partially the effects of oil shocks on
inflation and some inflation is desirable. We also find, in contrast to Benigno and Woodford
(2005), that this trade-off is reduced, but not eliminated, when we get rid of the effects of
monopolistic distortions in the steady state. Moreover, the size of the endogenous “cost-
push” shock generated by fluctuations in the oil price increases when oil is more difficult
to substitute by other factors.
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1 Introduction

Oil is an important production factor in economic activity because every industry uses it to
some extent. Moreover, since oil cannot be easily substituted by other production factors,
economic activity is heavily dependent on its use. Furthermore, the oil price is determined in
a weakly competitive market; there are few large oil producers dominating the world market,
setting its price above a perfect competition level. Also, its price fluctuates considerably due
to the effects of supply and demand shocks in this market!.

The heavy dependence on oil and the high volatility of its price generates a concern among
the policymakers on how to react to oil shocks. Oil shocks have serious effects on the economy
because they raise prices for an important production input and for important consumer goods
(gasoline and heating oil). This causes an increase in inflation and subsequently a decrease
in output, generating also a dilemma for policymaking. On one hand, if monetary policy
makers focus exclusively on the recessive effects of oil shocks and try to stabilise output, this
would generate inflation. On the other hand, if monetary policy makers focus exclusively on
neutralising the impact of the shock on inflation through a contractive monetary policy, some
sluggishness in the response of prices to changes in output would imply large reductions in
output. In practice, when dealing with rising oil prices, policymakers have been confronted
with a trade-off between stabilising inflation and output. But, what exactly should be the
optimal stabilisation of inflation and output? Which factors affect this trade-off? To our
knowledge the formal study of this topic is limited?.

However, the behaviour of central banks in practice contrasts with the result in the standard
new Keynesian model that ensuring complete price stability is the optimal thing to do, even
when an oil shock leads to large drops in output. To deal with this apparent contradiction
and to answer the questions presented above, we extend the literature on optimal monetary
policy including oil in the production process in a standard New Keynesian model. In doing
so, we extend Benigno and Woodford (2005) to obtain a second-order approximation to the
expected utility of the representative household, when the steady state is distorted and the
economy is hit by oil price shocks. We include oil as a non-produced input as in Blanchard
and Gali (2007), but differently from those authors we use a constant-elasticity-of-substitution
(CES) production function to capture the low substitutability of oil. Then, a low elasticity of
substitution between labour and oil indicates a high dependence on oil?.

The analysis of optimal monetary policy in microfounded models with staggered price set-

'For example during the 1970s and through the 1990s most of the oil shocks seemed to be on the international
supply side, either because of attempts to gain more oil revenue or because of supply interruptions, such as the
Iranian Revolution and the first Gulf war. In contrast, in the 2000s the high price of oil is more related to
demand growth in the USA, China, India, and other countries. On the other hand, Kilian (2009) found that all
major real oil price increases since the mid-1970s can be traced to increased global aggregate demand and/or
increases in oil-specific demand.

?There are a few exceptions. For instance, Natal (2009) showed that extending our work, including oil in
the consumption goods bundle in a CES form, amplifies the trade-off between stabilizing inflation and the
welfare output gap. In a different approach, Nakov and Pescaroti (2009) also find a trade-off when modeling
explicitaly the oil production in the global economy, which is generated by a dynamic distortion due to imperfect
competition in the oil market.

In contrast, Blanchard and Gali (2007) use a Cobb-Douglas production function.



ting using a quadratic welfare approximation was first introduced by Rotemberg and Woodford
(1997) and expounded by Woodford (2003) and Benigno and Woodford (2005). This method
allows us to obtain a linear policy rule derived from maximising the quadratic approximation of
the welfare objective subject to the linear constraints that are first-order approximations of the
structural equations. This methodology is called linear-quadratic (LQ). The advantage of this
approach is that it allows to characterise analytically how changes in the production function
and in the oil shock process affect the monetary policy problem. Moreover, in contrast to the
Ramsey policy methodology, which also allows a correct calculation of a linear approximation
of the optimal policy rule, the LQ approach is useful to evaluate not only the optimal rules,
but also to evaluate and rank sub-optimal monetary policy rules.

A property of standard New Keynesian models is that stabilising inflation is equivalent
to stabilising output around some desired level, unless some exogenous cost-push shock dis-
turbances are taken into account. Blanchard and Gali (2007) called this feature the "divine
coincidence". These authors argue that this special feature comes from the absence of non-
trivial real imperfections, such as real wage rigidities. Similarly, Benigno and Woodford (2004,
2005) show that this trade-off also arises when the steady state of the model is distorted and
there are government purchases in the model.

We found that, when oil is introduced as a low-substitutable input in a New Keynesian
model, a trade-off arises between stabilising inflation and the gap between output and some
desired level. We call this desired level the “target level”. In this case, because output at the
target level fluctuates less than it does at the natural level, it becomes optimal to the monetary
authority to react partially to oil shocks and therefore, some inflation is desirable.

The intuition of this result is that when oil is considered a gross complement to labour
in production in a CES technology, the divine coincidence disappears. This result is similar
to the case of real wage rigidities explained in Blanchard and Gali (2007), where stabilizing
inflation is no longer equivalent to stabilizing the welfare-relevant output gap. However, the
mechanism here is different. This trade-off is generated by the convexity of real marginal costs
with respect the real oil price, which produce a time varying wedge between the marginal
rate of substitution and the marginal productivity of labour that impede to replicate the first
best equilibrium. Moreover, eliminating the distortions in steady state reduces the trade-off,
because this wedge becomes less sensitive with respect to the oil price. However, in contrast to
Benigno and Woodford (2005), making the steady state efficient cannot eliminate this trade-off.

Also, the substitutability among production factors affects both the weights on the two
stabilisation objectives and the definition of the welfare-relevant output gap. The lower the
elasticity of substitution, the higher the cost-push shock generated by oil shocks and the lower
the weight on output stabilisation relative to inflation stabilisation. Moreover, when the share
of o0il in the production function is higher, or the steady-state oil price is higher, the size of the
cost-push shock increases.

Section 2 presents our New Keynesian model with oil prices in the production function.
Section 3 includes a linear quadratic approximation to the policy problem. Section 4 uses
the linear quadratic approximation to the problem to solve for the different rules of monetary
policy and make some comparative statics to the parameters related to oil. The last section
concludes.



2 A New Keynesian model with oil prices

The model economy corresponds to the standard New Keynesian Model in the line of Clarida
et al (2000). In order to capture oil shocks we follow Blanchard and Gali (2007) by introducing
a non-produced input M, represented in this case by oil. @ will be the real price of oil which is
assumed to be exogenous. This model is similar to the one used by Castillo et al (2007), except
that we additionally include taxes on sales of intermediate goods to analyse the distortions in
steady state.

2.1 Households

We assume the following utility function on consumption and labour of the representative
consumer
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where o represents the coefficient of risk aversion and v captures the inverse of the elasticity of

labour supply. The optimiser consumer takes decisions subject to a standard budget constraint

which is given by
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where W; is the nominal wage, P; is the price of the consumption good, B; is the end of

period nominal bond holdings, R; is the riskless nominal gross interest rate , I'; is the share

of the representative household on total nominal profits, and T; are net transfers from the
government. The first order conditions for the optimising consumer’s problem are:

(2.2)
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Equation (2.3) is the standard Euler equation that determines the optimal path of consump-
tion. At the optimum the representative consumer is indifferent between consuming today or
tomorrow, whereas equation (2.4) describes the optimal labour supply decision. M RS; denotes
for the marginal rate of substitution between labour and consumption. We assume that labour
markets are competitive and also that individuals work in each sector z € [0, 1]. Therefore, L;
corresponds to the aggregate labour supply:
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2.2 Firms
2.2.1 Final good producers

There is a continuum of final good producers of mass one, indexed by f € [0, 1] that operate
in an environment of perfect competition. They use intermediate goods as inputs, indexed by
z € [0, 1] to produce final consumption goods using the following technology:

v/ = Uolyt(z)ildz] Tl (2.6)

where ¢ is the elasticity of substitution between intermediate goods. The demand function of
each type of differentiated good is obtained by aggregating the input demand of final good

producers:
n@)=(3§”)en, (2.7

where the price level is equal to the marginal cost of the final good producers and is given by:

P = [/01 P (2)t ¢ dz} i. (2.8)

and Y; represents the aggregate level of output.
1

vi— [ viar (2.9)
0

2.2.2 Intermediate goods producers

There is a continuum of intermediate good producers indexed by z € [0,1]. All of them have
the following CES production function

b
1

V() = [(1-0) (L(2) T +a (M (2)T ], (2.10)

where M is oil which enters as a non-produced input, ¥ represents the intratemporal elasticity
of substitution between labour-input and oil and o denotes the quasi-share of oil in the pro-
duction function. We use this generic production function in order to capture the fact that oil
has few substitutes. In general we assume that ¢ is lower than one. The real oil price, Q, is
assumed to follow an AR(1) process in logs,

logQr = (1 —p)logQ + plog Qi1 + &, (2.11)

where Q is the steady state level of oil price and &, is an i.i.d. shock. From the cost minimisation
problem of the firm we obtain an expression for the real marginal cost given by:

1
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where M CYy (z) represents the real marginal cost and W; nominal wages. Notice that marginal
costs are the same for all intermediate firms, since technology has constant returns to scale
and factor markets are competitive, i e MCy (z) = MC;. On the other hand, the first order
condition for intermediate goods producers with respect to labour imply that the marginal
product of labor, M P Ly, satisfy:

Yi(2)\'Y _ Wi/P
MPL =(1- = . 2.13
-t-0(1g) -G (2.13)
Equation (2.13) imply the following labour demand for the individual firm:
1 Wy/P\ 7Y
Li(z) = Yy(2). 2.14
16 = (2o re) ¥ (214)

Intermediate producers set prices following a staggered pricing mechanism a la Calvo. Each
firm faces an exogenous probability of changing prices given by (1 —6). A firm that changes
its price in period t chooses its new price P,(z) to maximise:

o0
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where ;44 p = Bk (thtk ) - Pik is the stochastic discount factor. The function: I' (P(z), P, MC,Y;) =

[(1—7)Pi(z) — P, MCY] (PtT(tz)) : Y, is the after-tax nominal profits of the supplier of good z
with price P(z), where the aggregate demand and aggregate marginal costs are equal to Y;
and M C}, respectively. 7 is the proportional tax on sale revenues which we assume constant.
The optimal price that solves the firm’s problem is given by
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where p = 5/ (1—7) is the price markup net of taxes, P (z) is the optimal price level
chosen by the firm and F, ) = PHk the cumulative level of inflation. The optimal price solves

equation (2.15) and is determined by the average of expected future marginal costs as follows:
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Since only a fraction (1 — 6) of firms changes prices every period and the remaining one

keeps its price fixed, the aggregate price level, defined as the price of the final good that
minimise the cost of the final goods producers, is given by the following equation:

Ptl_5 = 0Pt1—_15 +1-0)(F (Z))l_a : (2.17)
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Following Benigno and Woodford (2005), equations (2.15) and (2.17) can be written re-
cursively introducing the auxiliary variables N; and D; (see appendix B for details on the
derivation):

1 B & 1—e
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where II; = P;/P,_; is the gross inflation rate. Equation (2.18) comes from the aggregation of
individual firms prices. The ratio N;/D; represents the optimal relative price P} (z) /P;. These
three last equations summarise the recursive representation of the non linear Phillips curve.

2.3 Government and monetary policy

In the model we assume that the government owns the oil endowment. Oil is produced in
the economy at zero cost and sold to the firms at the exogenous price Q);. The government
transfers all the revenues generated by oil to consumers represented by P.Q;M;. There is also
a proportional tax on sale revenues (7). We abstract from any other role for the government
and assume that it runs a balanced budget every period. Then, the budget constraint implies
that total net transfers in real terms are:

T;
FiZQtMt—FTYt-

Moreover, we abstract from any monetary frictions assuming that the central bank can
control directly the risk-less short-term interest rate Rj;.

2.4 Market clearing

In equilibrium labour, intermediate and final goods markets clear. Because of the assumption
on the government transfers, the economy-wide resource constraint is given by

Y, = Ch. (2.21)
The labour market clearing condition is given by:
L, =LY (2.22)

where the demand for labour comes from the aggregation of individual intermediate producers
in the same way as for the labour supply:

1 1 W/P - 1
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1 /(P —€ . . . . . . . .
where A; = fo < }(f)) dz is a measure of price dispersion. Since relative prices differ across

firms due to staggered price setting, input usage will differ as well, implying that is not possible
to use the usual representative firm assumption. Therefore, the price dispersion factor, A;
appears in the aggregate labour demand equation. We can also use (2.17) to derive the law of
motion of A

1 gyt
Ay =(1-96) (1_;> + A (T)° . (2.24)

Note that inflation affects welfare of the representative agent through the labour market.
We can see, from (2.24), that higher inflation increases price dispersion and, from (2.23), that
higher price dispersion increases the labour amount necessary to produce a certain level of
output, implying more disutility on (2.1).

2.5 The steady state

Variables in the steady state are denoted overlined (i.e. X). The details of the steady state of

the variables are in appendix A. We depart from a steady state where gross inflation II = 1.
1+yv 1

_ I =\ otv 1= .
Output in steady state is given by: ¥ = ((1 — @) MC) 7+ (%_—O‘) T 17" where real marginal

—
costs in steady state are:

1—7
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-
is the share of oil on total costs in steady state. Note that, from the

Q. 1
MC
definition of @, the steady state value of output depends on the steady state ratio of the real
oil price with respect to real marginal costs. This implies that a permanent increase in the
real oil price will generate a permanent increase in @, given 1 < 1. Also, as in standard New
Keynesian models, the real marginal costs in steady state are equal to the inverse of the mark-
up. Since monopolistic competition and taxes affect the steady state of the model, output in
steady state can be below the efficient level (the steady state is distorted). In the special case
that 7 = —1/(¢ — 1) < 0, distortions are eliminated and the steady state is efficient. Let’s
denote the steady state distortion by

where @ = a¥

1—171
S e/(e-1)

We have that ® = 0 when a subsidy on sales makes the steady state undistorted.

P=1

2.6 The log linear economy and the natural equilibrium

To illustrate the effects of oil in the dynamic equilibrium of the economy, we take a log linear
approximation of equations (2.3), (2.4),(2.11),(2.12),(2.18),(2.19),(2.20) and (2.23) around the
deterministic steady-state. We denote variables in their log deviations around the steady state
with lower case letters (i.e. z; = log(X;/X)). After, imposing the goods and labour market



clearing conditions to eliminate real wages from the system, the dynamics of the economy are
determined by the following equations:

ltzyt—é[(U—i-U)yt—qt], (22
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T = BEymi1 + kmey,

1
Yt = Eryr1 — p (re — Eymig1), 2.29
qt = pqi—1 + &, (2.30
where § = ¢x1%, x = li;ga and £ = 52 (1 -60B). § and (1 — x) account for the effects of

oil prices in labour and marginal costs, respectively. x is the elasticity of inflation respect to
marginal costs.

Interestingly, the effects of oil prices on marginal costs, given by (1 — x) in equation (2.27),
depend crucially on the quasi-share of oil in the production function, «, and on the elasticity of
substitution between oil and labour, ). Thus, when « is larger y is smaller, making marginal
costs more responsive to oil prices. Also, when 1 is lower, the impact of oil on marginal costs
is larger. It is important to note that even though the quasi-share of oil in the production
function, «, can be small, its impact on marginal cost, @, can be magnified when oil has few
substitutes (that is when v is low). Moreover, a permanent increase in real oil price or in the
distortions in steady state (that is an increase in Q or a decrease on MC), would make the
marginal costs of firms more sensitive to oil price shocks since it increases @ . In the case that
a = 0, the model collapses to a standard closed economy New Keynesian model without oil.

The natural equilibrium corresponds to the case that nominal rigidities are absent and
prices are flexible. We denote variables in this equilibrium with the supra-index "n”. Under
flexible prices real marginal costs satisfy mc}’ = 0 and the equilibrium can be expressed as:

1
(v — y") = Bt (Y41 — Y1) — p (re — Eymesa), (2.31)
T = Ky (e — y¢') + BEymi4a, (2.32)

where ky, = kx (v+0). Equations (2.31) and (2.32) are the dynamic IS and the Phillips
curve, respectively, in terms of the output gap (y: — y;*). The natural level of output depends
negatively on deviations of the oil price from its steady state:

n_ 14y o]
Y = (O‘—I—U) <1—a> qt- (2.33)

The natural output depends, among other parameters, on the share of oil on total costs in
steady state. The higher @ the more important the impact of oil price shocks on the natural
level. Also, note from equation (2.33) that the response of the natural output to oil shocks
is qualitatively similar to the reaction to productivity shocks in the standard New Keynesian
model with the opposite sign. However, as we will see in the next section, the assumption of
low substitutability of oil has important effects on the design of optimal monetary policy.




2.7 Calibration

As benchmark calibration we set a quarterly discount factor, 3, equal to 0.99 which implies an
annualised rate of interest of 4%. For the coefficient of risk aversion parameter, o, we choose
a value of 1 and the inverse of the elasticity of labor supply, v, is calibrated to be equal to
0.5, similar to those values used in the RBC' literature. The probability of the Calvo lottery is
set equal to 0.66 which implies that firms adjust prices, on average, every three quarters. We
choose a degree of monopolistic competition, e, equal to 7.88, which implies a firm mark-up of
15% over the marginal cost considering 7 = 0. We set the value of the elasticity of substitution
between oil and labour in ¢ = 0.2, equal to the average value reported by Hamilton (2009).
We calibrate @ = 0.02895 using information from the National Income Product accounts for
the US?. Finally, we assume a persistent AR(1) process for the logarithm of the real oil price
(p=10.95).

3 A linear-quadratic approximate problem

In this section we characterize the sources of the trade-off between stabilising inflation and
economic activity that arise in this economy. Also, we present a second order approximation of
the welfare function of the representative household as function of purely quadratic terms. This
representation allows us to characterise the policy problem using only a linear approximation
of the structural equations of the model and also to rank sub-optimal monetary policy rules.

Since the model has an additional production input different from labour, a standard second
order Taylor approximation of the welfare function will include linear terms, which would lead
to an inaccurate approximation of the optimal policy in a linear-quadratic approach. To
deal with this issue, we use the methodology proposed by Benigno and Woodford (2005),
which consists on eliminating the linear terms of the policy objective using a second order
approximation of the aggregate supply.

3.1 Sources of the trade-off

The efficient equilibrium is equivalent to the social planner problem of maximizing the utility of
the representative agent, subject to: the production function for final goods and intermediate
goods, the resources constraint and the aggregation conditions for both production inputs.
The efficiency conditions for this problem imply that the marginal rate of substitution is equal
to the marginal productivity of labour:

and a symmetric allocation in equilibrium, C; (2) = C; and Ly (z) = Ly, for every z.
In the decentralised equilibrium of the model, the ratio between the marginal rate of sub-
stitution and the marginal productivity of labour equals the real marginal costs:

*In particular, using the demand for oil in steady state we have: @ = /LQ?M. QMY is estimated as the
ratio of: (oil and other fuels used for production) / (value added), from the National Income Product accounts
(www.bea.gov). The average value of QM /Y is 2.5% for the period 1972-2006 and p = 1.15 in our calibration,
then @ = 1.15 x 2.5% = 2.895%
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MRS,
MPL, (2)
where ®, is the measure of the wedge between them. The optimality condition (3.1) implies

that this wedge must be constant and equal to zero, that is ®; = 0, to be socially optimal. A
second order Taylor expansion of equation (3.2) in logarithms is:

== MCt =1- (I)t, (32)

B = o—x(0+v)(y— ) — xvd (33)
11— 2
e -0x(e ) w2 o (led).

where ||£;]| denotes a bound on the size of the oil price shock. If monetary policy can be used
to replicate the natural equilibrium, this wedge becomes:
11— 1

(I)flex:(j[)_, o
t 21 —ao+vwv

(a0 + 0 (ll&.I*) (3.4)

where we have used the definition of the natural output and evaluated the price dispersion
term at zero. Note from equation (3.4), that when replicating the flexible price allocation in
the decentralized equilibrium, the wedge is time varying and depends on the oil price. Because
of this, a trade-off arises: it means that it is not possible at the same time to stabilise inflation
and to replicate the social planner equilibrium under the presence of oil shocks, unless ¥ = 1
as in the Cobb-Douglas case.

As shown above, when oil is considered a gross complement to labour in production in
a CES technology, the divine coincidence disappears. This result is similar to the case of
real wage rigidities explained in Blanchard and Gali (2007), where stabilising inflation is no
longer equivalent to stabilising the welfare-relevant output gap. However, the mechanism
here is different. In this case, the flexible price allocation cannot replicate the social planner
allocation because of the second order effects of oil shocks in the wedge between the marginal
rate of substitution and the marginal product of labour. When oil is difficult to substitute
in production, real marginal costs become a convex function of the real oil price, because the
participation of this input in marginal costs also increases with its price.

Interestingly, eliminating the distortions in steady state cannot eliminate the trade-off. In
this case, after making ® = 0, the wedge becomes:

11—9 1
(I)fleac,efss _ _ = 2 O( 3) 3.5
t 21_a0+v(Qt) + 1€l (3.5)

for o = a¥ (@)1_7/} < @. In this case, eliminating the distortion in steady state eliminates
the constant and reduces the variability of the wedge with respect to the oil price. However,
it is still not possible to replicate the social planner equilibrium under the presence of oil
shocks. The intuition of this result is that when oil is considered a gross complement to labor
in production in a CES technology, the share of oil in total costs in steady state depends also
on the steady state distortion, when eliminating the distortion (a more competitive economy)
makes the wedge less sensitive to increases in the real oil price. Though, making the steady
state efficient cannot eliminate completely this sensitivity.
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To measure this trade-off, in the next sub-section we derive a quadratic loss function from
the second order Taylor expansion of the welfare function of the representative agent. We
obtain a expression in terms of inflation and the deviations of output from a target level (the
welfare-relevant output gap). This target level accounts for the effects of oil shocks in the
wedge and maximises welfare of the representative agent when inflation is zero.

3.2 A second-order approximation to utility

A second order Taylor-series approximation to the utility function, expanding around the non-
stochastic steady-state allocation, is:

o0

_ _ 1 ~ .

Ui, = Y E pite (‘I>Lyt + iuyyyf + UyqYrqr + UAAt> +tip.+ 0O (HftHg) 5 (3.6)
t=t,

where y; = log (Y} /?) and ﬁt = log A; measure deviations of aggregate output and the price
dispersion measure from their steady state levels, respectively. The term t.i.p. collects terms
that are independent of policy (constants and functions of exogenous disturbances) and hence
irrelevant for ranking alternative policies. The coefficients: ,,, 1y, and ua are defined in the
appendix B. @, is the wedge in steady state between consumption and labour in the utility
function, defined by:

_ o _Ypdl
b= 1-ghs (3.7)
= 1-1-a)(1-®)1—-0(c+v)).

Note that in an economy with labour as the only input in the production function, as
in Benigno and Woodford (2005), the wedge between consumption and labour in the utility
function is equal to the distortion in steady state ®. In those models, a tax rate that eliminates
this distortion also eliminates the linear term in the second order Taylor expansion of the utility
function. However, in an economy with other inputs different than labour we have in general
that ®; # @, and eliminating the monopolistic distortion doesn’t eliminate the linear term in
equation (3.6).

We use the second order Taylor expansion of the price dispersion equation to substitute
ﬁt as a function of quadratic terms of inflation in our welfare approximation. Also, we use
the second order approximation of the Phillips curve to solve for the infinite discounted sum
of the expected level of output as function of purely quadratic terms. Then, as in Benigno and
Woodford (2005) we replace this last expression in (3.6) and rewrite it as:

- 1 1
U, == |E, Y f7" (2>\ (i — )" + 27T3> - T,

t=t,

+tip+0(l&l),  (38)

where Q = Y7 )\, and T, = %Uto, Ar and vy, are defined in the appendix. A measures the
Yy
relative weight between a welfare-relevant output gap and inflation. y; is the target output,
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the level of output that maximises our measure of welfare when inflation is zero. The values
of A and y; are given by:

A= Z(1-ova)y, (3.9)

Y a*
Y = (J+v><1_a*>% (3.10)

where o* accounts for the share of oil on total costs in steady state that replicates the target
level of output, given by:

N o

of = ——. 3.11

1+mn ( )
Both v and 7 are a function of the deep parameters of the model, they are defined in the
appendix and characterised in the next section. Note that the target level of output is written
in a similar way as the natural level of output in equation (2.33), for a different share of oil on

total costs in steady state.

3.3 The linear-quadratic policy problem

The policy objective Uy, can be written in terms of inflation and the welfare-relevant output
gap defined by xy:
T =Y — Yy

Benigno and Woodford (2005) showed that maximisation of Uy, is equivalent to minimise
the following loss function L,

o0
1 1
— Z t—to [y, 2, L 2
Lto = Eto P B <2)\:Et + 27Tt) P (312)
subject to a predetermined value of 7;,% and the Phillips curve for any date from t, onwards:

Ty = KyT¢ + 5Et7Tt+1 =+ uy. (313)

Note that we have expressed (3.13) in terms of the welfare relevant output gap, z;. u; is a
"cost-push" shock, which is proportional to the deviations in the real oil price:

u = Ky (Y —y) (3.14)

= wWqt,

14w fe} o
W=k - .
Y\ o+w l-a 1—of

’ Maximising equation (3.8) implies minimising (3.12) subject to a predeterminated value of v;,. Moreover,
because the objective function is purely quadratic, a linear approximation of v, suffices to describe the initial
commitments, given by vy, = ¢, .

where
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In this model a "cost-push" shock arises endogenously since oil generates a trade-off between
stabilising inflation and deviations of output from a target level, different from the natural level.
In the next section we characterise the conditions under which oil shocks preclude simultaneous
stabilisation of inflation and the welfare-relevant output gap.

If we are interested in evaluating monetary policy from a timeless perspective, that is
optimising without regard of possible short run effects and avoiding possible time inconsistency
problems. In this case, the predetermined value of 7y, must equal 7 , the optimal value of
inflation at ¢, consistent with the policy problem. Thus, the policy objective consists on
minimising (3.12) subject to the initial inflation rate:

Ty, = T} . (3.15)

4 Optimal monetary response to oil shocks

In this section we use the linear-quadratic policy problem defined in the previous section to
evaluate optimal and sub-optimal monetary policy rules under oil shocks. This policy problem
can be summarised to maximise the following Lagrangian:

Eto _ _Eto { Z;)ita /Btfto [%)\x% + %7‘(‘% — ¥y (7Tt — fyflft — ﬁEtﬂ-H»l - Ut)] } (41)
+op,-1 (T, = 77,)

where 57"y, is the Lagrange multiplier at period t.

The second order conditions for this problem are well defined for A > 0, which is the case
for plausible parameters of the model®. Then, as Benigno and Woodford (2005) show, since
the loss function is convex, randomisation of monetary policy is welfare reducing and there are
welfare gains when using monetary policy rules.

Under certain circumstances the optimal policy involves complete stabilisation of the infla-
tion rate at zero for every period, that is complete price stability. These conditions are related
to how oil enters in the production function and are summarised in the following proposition:

Proposition 1 When the production function is Cobb-Douglas the efficient level of output is
equivalent to the natural level of output.

In the case of a Cobb-Douglas production function, the elasticity of substitution between
labour and oil is unity (i.e. ¥ = 1). In this case n = 0 and the share of oil on the marginal
costs in the efficient level is equal to the share in the distorted steady state, equal to « (that
is o = @ = «) Then, the efficient level of output is equal to the natural level of output.

In this special case of the CES production function, fluctuations in output caused by oil
shocks at the target level equals the fluctuations in the natural level. Then, stabilisation of
output around the natural level also implies stabilisation around the target level. This is a

5More precisely, we are interested on studying the model when 0 < 3 < 1 and ¢ not too high. Since A is
positive for ¢ < 1 and o < (ad))fl, which is a very high value for the threshold since @ is lower than one and
small.

14



special case in which the "divine coincidence" appears. Therefore, setting output equal to the
target level also implies complete stabilisation of inflation at zero.

In this particular case there is no trade-off between stabilising output and inflation. How-
ever, in a more general specification of the CES production function this trade-off appears, as
it is established in the next proposition:

Proposition 2 When oil is difficult to substitute in production the efficient output responds
less to oil shocks than the natural level, which generates a trade-off.

When oil is difficult to substitute the elasticity of substitution between inputs is lower than
one (that is ¢» < 1). In this case n > 0 and the share of oil on total costs in steady state
that replicates the target level of output is lower than in the steady state (that is o* < @),
which causes that the target output fluctuates less than the natural level (that is |yf| < |yf*]).
Then, in this case it is not possible to have both inflation zero and output at the target
level at all periods. In this case a "cost-push" shock arises endogenously which generates a
trade-off between stabilising inflation and the welfare-relevant output gap. This "cost-push"
is proportional to the difference between y; and y;*, as shown in equation (3.14).

As mentioned in the previous section, this trade-off is generated by the convexity of real
marginal costs with respect the real oil price, which produces a time varying wedge between the
marginal rate of substitution and the marginal productivity of labour. Moreover, eliminating
the distortions in steady state reduces the trade-off, because this wedge becomes less sensitive
with respect to the oil price. However, making the steady state efficient cannot eliminate this
trade-off.

Figure 4.1 shows the effect of the elasticity of substitution on a* and @ and on y* and "
. As mentioned in proposition 1, when 1 = 1 then o* = @ = «. Similarly, as in proposition 2,
lower ¢ increases both o™ and @, but o* is always lower than @. Also in this case, the efficient
output fluctuates less than the natural level of output for a 1 percent increase in the real oil
price. Because of this difference between y* and y™, the endogenous "cost-push" shock also
increases when the elasticity of substitution v is lower. Moreover, this figure also shows the
effects when distortions in steady state are eliminated. In this case, both a* and @ decrease
and y* and y” become less sensitive to an oil price shock.

It is also important to analyse how the production function affects A, the weight between
stabilising the welfare relevant output-gap and inflation. In the special case of a Cobb-Douglas
production function, the coefficient v defined in the previous section equals 1 and the relative
weight in the loss function between welfare-relevant output gap and inflation stabilisation (\)
becomes % (1 — o) . This is similar to the coefficient found for many authors for the case of a
closed economy’, which is the ratio of the effect of output on inflation in the Phillips curve and
the elasticity of substitution among goods, but multiplied by the additional term (1 — o).

The relative weight in the loss function between welfare-relevant output gap and inflation
stabilisation is decreasing with the degree of price stickiness (#) and the elasticity of substitution

among goods (¢). When prices are more sticky (larger ), x, is lower and price dispersion is

"See for example Woodford (2003) and Benigno and Woodford (2005).
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Figure 4.1: (a) Steady state and efficient share of oil on marginal costs. (b) Natural and
efficient level of output.

higher. Similarly, a larger elasticity of substitution among goods (¢) amplifies the welfare losses
caused by any given price dispersion. In both cases, the costs of inflation are more important
and output stabilization has a lower weight relative to inflation stabilisation.

The term (1 — o) captures the effects of oil shocks on inflation through costs. When the
weight of oil in the production function («) is higher, the effects of oil shocks in marginal costs
and inflation are more important. Then, the more important it becomes to stabilise inflation
in respect to output.

The next proposition describes the behaviour of A with respect to the elasticity of substi-
tution .

Proposition 3 The lower the elasticity of substitution between oil and labour, the lower the
weight in the loss function between welfare-relevant output gap and inflation stabilisation (X).

When the elasticity of substitution v is lower, the effect of output fluctuations on inflation
becomes smaller (k,). This implies a higher relative effect on inflation respect to output, and
therefore lower A\. This also implies a higher sacrifice ratio, since you need relatively larger
interest rate changes in order to stabilise inflation.

The next graph shows the effects on A of the elasticity of substitution for three different
values of a. \ takes its highest value when ¢ = 1 and decreases exponentially for lower ¢. Also,
higher « reduces A , which means a higher weight of inflation relative to output fluctuations
in the welfare function.
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4.1 Optimal unconstrained response to oil shocks from a timeless perspec-
tive

When we solve for the Lagrangian (4.1), we obtain the following first order conditions that
characterise the solution of the optimal path of inflation and the welfare-relevant output gap
in terms of the Lagrange multipliers:

Proposition 4 The optimal unconstrained response to oil shocks is given by the following
conditions:

Tt = $Pi—1 — P
K
_ Yy
Tt - )\ (Pt7

where @, is the Lagrange multiplier of the optimisation problem, that has the following law of
motion :

Py = TpPi_1 — PG,

for ¢ = k;iﬁww, and satisfies the initial condition:

&)
k
Pto—1 = —¢>Z Todt—1—k>
k=0

whereTSDEZ—,/Z2—% <land Z = ((1—1—5)4—%)/(26).
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Figure 4.3: Impulse response to an oil shock under optimal unconstrained monetary policy.

The proof is in the appendix. From a timeless perspective the initial condition for ¢, 4
depends on the past realisations of the oil prices and it is time-consistent with the policy
problem.

Also, we define the impulse response of a shock in the oil price in period ¢ (§;) in a variable
z in t + j as the unexpected change in its transition path. Then the impulse is calculated by:

Ii (245) = Et [2045] — Ei-1 [2144]

and the impulse response for inflation, the price level and the welfare-relevant output gap for
the optimal policy is:

j+1 _ J+1 -
P (o) = (pj Py TT; - [Z_ :;) P&y (4.2)
j+1 _ J+1
Itopt (Pe4j) = (H) P&y (4.3)
©
+1 _ _J+1
P (myg) = —% (pjp_:; >¢§t7 (4.4)

See appendix B.3 for details on the derivation.
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Figure 4.3 shows the optimal unconstrained impulse response functions of inflation, the
welfare-relevant output gap, the price level and the nominal interest rate to an oil price shock
of size one for different values of the elasticity of substitution (¢/). Inflation and the nominal
interest rate are in yearly terms. The benchmark case is a value of ) = 0.2. In these graphs we
can see that after an oil shock the optimal response is an increase of inflation and a reduction of
the welfare-relevant output gap. The nominal interest rate also increases to partially offset the
effects of the oil shock on inflation. Inflation after 8 quarters become negative as the optimal
unconstrained plan is associated with price stability. That is, after some time, the price level
returns to its initial level. To summarise, the optimal response to an oil shock implies an effect
on impact on inflation that dies out very rapidly and a more persistent effect on output.

An increase in the elasticity of substitution from 0.2 to 0.4 reduces the size of the cost push
shock, diminishes @ but increases A. Then, the impact on all the variables is reduced, inflation
being initially the more affected variable. Also, the higher impact on welfare-relevant output
gap is after 8 quarters. In contrast, when the elasticity of substitution is unity, since there is
no such a trade-off, both inflation and welfare-relevant output gap are zero in every period.

4.2 Evaluation of suboptimal rules - the non-inertial plan

We can use our linear-quadratic policy problem for ranking alternative sub-optimal policies.
One example of such policies is the optimal non-inertial plan. By a non-inertial policy we mean
a monetary policy rule that depends only on the current state of the economy. In this case, if
the policy results in a determinate equilibrium, then the endogenous variables depend also on
the current state.

If the current state of the economy is given by the cost push shock, which has the following
law of motion:

U = puy—1 + w&y,

where ¢, is the oil price shock and w is defined in the previous section. A first order general

description of the possible equilibrium dynamics can be written in the form 8:
T = T+ fwuta (45)
T = T+ fxuta (46)
o = P+ four, (4.7)

where we need to determine the coefficients: 7, 7,9, f, f, and f,. To solve for the optimal
non-inertial plan we need to replace (4.5),(4.6) and (4.7) in the Lagrangian (4.1) and solve
for the coefficients that maximise the objective function. The results are summarised in the
following proposition:

Proposition 5 The optimal non-inertial plan is given by 7y =7 + f ur and xy = T + fLuy,

8Note that in this sub-section we focus on the simplest case of the non-inertial plan, in which all endogenous
variables depends only the current state of the economy. In contrast, Benigno and Woodford (2005) work
with a different non-inertial plan, in which the lagrange multipliers satisfy the first order conditions of the
unconstrained problem
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where

—_ . A1—p)
=0, fr=Zma-p)a-p"
—_ _ Kiy

=0, fo= Eapmae

Note that in the optimal non-inertial plan the ratio of inflation/output gap is constant and
equal to w. The higher the weight in the loss function for output fluctuations relative to
inflation ﬂugtuations, the higher the inflation rate. Also, the more persistent the oil shocks,
the lower the weight on inflation relative to the welfare-relevant output-gap.

Similar to the optimal case, the impulse response functions for inflation and output are

defined by:

P (mis) = Sty
(o) = o

Figure 4.4 shows the responses in the optimal non-inertial plan to an unitary oil price shock.
As shown, the main difference in respect to the previous plan is that in the optimal non-inertial
plan inflation returns to its initial level after some time, but in the optimal unconstrained plan
the price level is the one that converges. This implies that inflation must be negative after some
quarters in the optimal unconstrained plan. Also, the reduction in the welfare-relevant output
gap is much lower on impact in the case of the optimal unconstrained plan in comparison
with the optimal non inertial plan. In the latter, the reduction in the welfare-relevance is
proportional to the increase in inflation.

Both exercises, the optimal unconstrained plan and the optimal non-inertial plan, show
that to the extent that economies are more dependent on oil, in the sense that oil is difficult to
substitute, the impact of oil shocks on both inflation and output is greater. Also, in this case,
monetary policy should react by raising more the nominal interest rate and allowing relatively
more fluctuations in inflation than in output.

Furthermore, figure 4.4 shows the responses under the optimal non-inertial plan when
increases from 0.2 to 0.4. As shown, the impact on all the variables is reduced, because an
increase of 1 diminishes the size of the cost-push shock. Also, the increase of ¥ makes A
larger, which makes the impact on inflation relatively higher with respect to the response
of the welfare-relevant output gap. As in the unconstrained case, when 1 = 1 the trade-off
disappears. In that case, inflation is zero in every period and output equals its target level.

After analysing the optimal plans, in figure 4.5 we plot the welfare losses for these two
type of policies for different elasticities of substitution . The welfare losses are normalized
with respect to the variance of oil shocks. As shown, the welfare loss under both regimes are
the same, equal to zero, when the production function is Cobb-Douglas. Moreover, when the
elasticity of substitution 1) decreases, the difference in welfare losses under both policy plans
increases exponentially, which is consistent with the increase in the size of the "cost-push"
shock.
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Figure 4.6: Simple rule coefficients that implement the optimal non-inertial plan.

4.3 A simple rule that implements the optimal non inertial plan

Optimal monetary plans can be difficult to communicate and implement, because they rely
on real-time calculations of the welfare-relevant output gap and the size of the "cost-push"
shock, which are unobservable variables. Because of this, in this subsection we estimate a
simple interest rate rule that implements the optimal non-inertial plan that is based only on
observable variables, such as inflation and output. This rule has the following form:

= ¢7r7Tt + ¢yyt‘ (48)

An advantage of using a specification such as (4.8) is that we can compare it with feedback
rules that have been estimated for different economies. To estimate (4.8), we replace this
policy rule in dynamic IS equation (2.29) and use the solution from the optimal non-inertial
plan for inflation (4.5) and output gap (4.6) and the output target-level (3.1), to solve for
the coefficients ¢, and ¢, that solve the equilibrium. The solution for these coeflicients is
exact because there is only one shock in the economy. Also, there is not only one set, but a
continuous combination of parameters ¢, and ¢, that implement this optimal plan.

In figure 4.6 we show the combination of parameters of the simple rule that implement
the optimal non-inertial plan for different values of the elasticity of substitution . A first
thing to note is that there is that there is a positive relationship between ¢, and ¢,, which
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is consistent with the fact that an oil shock implies a trade-off. That is, if the response in
the feedback rule to inflation is higher, then the response to output fluctuations must also be
higher to compensate for the effects of oil shocks on economic activity. Moreover, when the
elasticity of substitution is lower, the trade-off increases and the intercept in figure 4.6 is lower.
This implies that an economy with inflation targeting where oil is more difficult to substitute
should have a less agressive response to inflation than in an economy that is less dependant on
oil.

Also, consistent with a larger trade-off for lower elasticity of substitution, the response
to output fluctuations must increase more for a given increase in the response to inflation
fluctuations. That is, the slope in figure 4.6 becomes flatter. This implies that in a flexible in-
flation targeting regime, due to oil shocks considerations, a more agressive response to inflation
fluctuations must be accompained with stronger response to output fluctuations.

5 Conclusions

This paper characterises the utility-based loss function for a closed economy in which oil is
used in the production process, there is staggered price setting and monopolistic competition.
As in Benigno and Woodford (2005), our utility based-loss function is a quadratic on inflation
and the deviations of output from a target level, which is the welfare-relevant output gap.

We found that this target level differs from the natural level of output when the elasticity
of substitution between labour and oil is different from one. This generates a trade-off between
stabilising inflation and output in the presence of oil shocks. Also, the cost-push shocks involved
in this trade-off are proportional to oil shocks. The lower this elasticity of substitution, the
higher the size of the cost-push shock. This trade-off is generated by the convexity of real
marginal costs with respect to the real oil price, which produces a time varying wedge between
the marginal rate of substitution and the marginal productivity of labour. We also find that
eliminating the distortions in steady state reduces the trade-off, because this wedge becomes
less sensitive with respect to the oil price. However, in contrast to Benigno and Woodford
(2005), making the steady state efficient cannot eliminate this trade-off.

Furthermore, the relative weight between the welfare-relevant output gap and inflation
on the utility-based loss function depends directly on this elasticity of substitution. On the
contrary, the higher the share of oil in the production function, the smaller the relative weight.

These results show that to the extent that economies are more dependent on oil, in the sense
that oil is difficult to substitute in production, the impact of oil shocks on both inflation and
output is higher. Also, in this case the central bank should allow less fluctuation on inflation
relative to output due to oil shocks. Moreover, these results shed light on how technological
improvements which reduces the dependence on oil, also reduce the impact of oil shocks on
the economy.
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A Appendix: the deterministic steady state

The non-stochastic steady state of the endogenous variables for II = 1 is given by:

Interest rate R=p"1
Marginal costs MC = (1) (1 —17)

e _= _=\1-9%
Real wages W/P = }\4:06 (1 —
1+ wu 1
Output Y = (%g) = <1ia> T
7(71[) 1
T 1-o& a+u —-a o+v 1—
Labor L= (—m> (—)

Table A.1: The deterministic steady state

where @ = o (@/Wc)l‘wa is the share of oil in the total costs in steady state. Notice
that the steady state values of real wages, output and labour depend on the steady state
ratio of oil prices with respect to the marginal cost. This implies that permanent changes in
oil prices would generate changes in the steady state of these variables. Also, as the standard
New-Keynesian models, the marginal cost in steady state is equal to the inverse of the mark-up.

Since monopolistic competition affects the steady state of the model, output in steady state
is below the efficient level. We call to this feature a distorted steady state and ® = 1 — MC
accounts for effects of the monopolistic distortions in steady state.

Since the technology has constant returns to scale, we have that:

_ (WL e
- \MCY

— 1-@)(1-9)

Q‘\‘ <l
Q |
=

the ratio of the marginal rate of substitution multiplied by the ratio labour/output is a
proportion (1 — @) of the marginal costs. This expression helps us to obtain the wedge between
the consumption and labor in the utility function in steady state:

VpdL <VLL> dL/L

Ucdy — \UcY)\dY /Y
= 1-a)(1-®)(1—6(c+v))
= 1-9;
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B Appendix: The second order solution of the model

B.1 The recursive AS equation

We divide the equation for the aggregate price level (2.17) by P!~¢ and make P;/P;_; = II;

1o+ o) (T2 (B1)

Aggregate inflation is a function of the optimal price level of firm z. Also, from equation (2.15)
the optimal price of a typical firm can be written as:

P (z) _ &
P Dy
—0
where, after using the definition for the stochastic discount factor: ;. = g* (ngk> Pit -
we define N; and D; as follows:
o
N = E ZM 08)" Fr 1 YernCprMCuy (B-2)
oo
D, = (08)" F; t+kYt+kCt+k (B-3)
k=0

N; and D; can be expanded as:

Nt = ,U,Y'tC UMCt—i‘Et

Iy Z 1 (08) k+l Fra t+1+kY;‘/+1+kCt+1+kMCt+1+k] (B-4)

k=0

oo
Dy = Y,C; %+ E; |17 (8)"+ Fts—i—llt+1+kcl;ﬁ-1+kn+1+k (B-5)

k=0

where we have used the definition for F; k= = Pii/ P
The Phillips curve with oil prices is given by the following three equations:
P 1—e
oyt =1 1-0) (T (B-6)
Py

Ny = pY, O MCy + 0BE; (Ty41)° Niega (B-7)
Dy =Y} + 0BE; (Ii11)° " Dy (B-8)

where we have reordered equation (B-1) and we have used equations (B-2) and (B-3),
evaluated one period forward, to replace Nyy1 and D41 in equations (B-4) and (B-5), and use
the law of iterated expectations.
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B.2 The second order approximation of the model

In this sub-section we present a log-quadratic (Taylor-series) approximation of the fundamental
equations of the model around the steady state, a detailed derivation is provided in Appendix
B. The second-order Taylor-series expansion serves to compute the equilibrium fluctuations
of the endogenous variables of the model up to a residual of order O (||§||2), where ||&,]| is a
bound on the size of the oil price shock. Up to second order, equations (2.26) to (2.29) are
replaced by the following set of log-quadratic equations:

Labour Market

L=y —0[(v+0)ye — @] + 2D + 21725x2 (v + o) ye — @] + O (J|€]1*) B—i
Aggregate Supply

Marginal Costs

mer =X (0t o)y + (1=x) @ + 512 L= [0+ 0) g — @] + x0de + O (€)°) B —ii
Price dispersion

Av =07, + LesZymi + O (Jl€N®) B —iii
Phillips Curve
vy = kmey + 2emer (2(1— o) ye +mee) + 2en? + BEwes1 + O (J|€]1%) B—iw
where we have defined the auxiliary variables:
vtE7rt+(i:é—i—a)w?—i—%(l—@ﬁ)mz’t B—v
2t = 2 (1 — O') Yt + mce + Q/BEt (%ﬂ't+1 -+ Zt+1) + 0 (||£f||2) B — i
Aggregate Demand
Yyt = Bryri1 — % (re = Bymiq1) — %UEt [(yt — Ytt1) — % (re — 7Tt+1)}2 + 0 (||§H3) B —vii

Table A.1: Second order Taylor expansion of the equations of the model

Equations (B-i) and (B-ii) are obtained taking a second-order Taylor-series expansion of the
aggregate labour and the real marginal cost equation, after using the labour market equilibrium
to eliminate real wages. ﬁt is the log-deviation of the price dispersion measure 4A;, which is a
second order function of inflation and its dynamics, which is represented with equation (B-iii).

We replace the equation for the marginal costs (B-ii) in the second order expansion of the
Philips curve and iterate forward. Then, replace recursively the price dispersion terms from
equation (B-iii) to obtain the infinite sum of the Phillips curve only as a function of output,
inflation and the oil shock:

- KyYt + KqQt + %5 (1+ xv) 77
w, = Y B

© =ty +g6 [eyyyf + 2yqyea + Coqa7]

+(1-0) xvhi, 1 + (&) (B-9)

where ¢y, ¢yq and ¢4y are defined in the appendix.
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B.2.1 The MC equation and the labour market equilibrium

The real marginal cost (2.12) and the labour market equations (2.4 and 2.23) have the following
second order expansion:

mec= (1 - ) wi+ag + @ (1-a) (1) (w—a)* + O (Jel)  (B10)
wy = vl + oy (B-11)
I =y — 1 (wy — mey) + By (B-12)

Where w; and ﬁt are, respectively, the log of the deviation of the real wage and the price disper-
sion measure from their respective steady state. Notice that equations (B — 11) and (B — 12)
are not approximations, but exact expressions. Solving equations (B — 11) and (B — 12) for
the equilibrium real wage:

we = 7 o [(v + o)y + vivme, + vﬁt} (B-13)
Plugging the real wage in equation (B — 10) and simplifying:
mee = x(o+0)ye+ (1) (@) +xvA; (B-14)
11— w 2 2 3
57X (L= o +v)m —al + O (&)

where x = (1 —@) /(1 +vya). This is the equation (B —ii) in the previous section. This
expression is the second order expansion of the real marginal cost as a function of output and
the oil prices. Similarly, we can express labour in equilibrium as a function of output and oil
prices:

~ 11—
b=y 5[0+ o) —al + 2Bt 1o (0t o)y al + O (ll)  (B15)
for: _
«
d=Yxy——=
—

where 0 measures the effects of oil shocks on labour.

B.2.2 The price dispersion measure

The price dispersion measure is given by

1 —€
P (z
At :/ <t()> dz
o \ B
Since a proportion 1 — 0 of intermediate firms set prices optimally, whereas the other 6 set the
price last period, this price dispersion measure can be written as:
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Dividing and multiplying by (P;_1) ° the last term of the RHS:

Ay = (1—9)<> 0/ (Ptptll )_€<Pgl>_€dz

Since Py (z) /P, = N;/D; and P,/ P,_; = II;, using equation (2.8) in the text and the definition
for the dispersion measure lagged on period, this can be expressed as

e/(e-1)
A= (1-6) (“fﬂ“;) LOA, (L) (B-16)

which is a recursive representation of A; as a function of A;_1 and II;.

Benigno and Woodford (2005) showed that a second order approximation of the price
dispersion depends solely on second order terms on inflation. Then, the second order approxi-
mation of equation (B-16) is:

10 5
Bi =081+ ser—5t + 0 (Jlg?) (B-17)

which is equation (B — #i7) in the previous section. Moreover, we can use equation (B — 17)
to write the infinite sum:

fjﬁt—to& = 92@ A+ s

[e o]

Z R ()

t=t, t=t, t=t
L, 1

(1-50) S B"A, = 64, 1+2€1_ zﬁt to t+o(||§t||)
t=to

Dividing by (1 — 86) and using the definition of & :

S gtA, = Bt g z () (B-18)
t=to

The discounted infinite sum of At is equal to the sum of two terms, on the initial price dispersion
and the discounted infinite sum of 77.

B.2.3 The second order approximation of the Phillips Curve
The second order expansion for equations (B — 6), (B — 7) and (B — 8) are:

1-14 1(e—1
m= D - S E2D 2+ 0l (B-19)
= (1-08) (ot 5o ) + 05 (Bbva + 3Bt ) — gt +0(lal’)  (B20)
ng = ag Qat tOt+1 7+ 5 Btbi 27% t -
di=(-08) (et 1) +08 (B + 2Bt ) 22+ 0(lal®) (B2
t = Ct QCt tet+1 2 t€t+1 2 t t -
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Where we have defined the auxiliary variables a;,biy1,¢¢ and ezq1 as:
at = (1 — o)yt + mey bir1 = €M1 + Net
Ct = (1 - U) Yt €t+1 = (5 - 1) 41 + deg1

Subtract equations (B — 20) and (B — 21), and using the fact that X2—-Y? = (X - Y) (X +Y),
for any two variables X and Y :

n—d = (1—08)(a—c)+ % (1= 08) (ar — 1) (ar + ) (B-22)

1
+OBE; (b1 — e141) + igﬁEt (b1 — et+1) (i1 + esq1)

g (e — i) (ne i) + 0 (|

Plugging in the values of ay, byy1, ¢; and €41 into equation (B — 22), we obtain: (B — 23)

1
ne—dy = (1—608)me + 5 (1 —-68)me (2(1 — o) yr + mey) (B-23)
+0BE (i1 + i1 — dig1)

1

+§95Et (o1 + My — dig1) ((26 — 1) mppr + nyg1 + digr)
1

5 (e =) (ne + i) + O Jlav, o, )

Taking forward one period equation (B — 19), we can solve for n;y1 — dy11:

0 1 0 (e—-1)

2 3
i + 575 g (mer)’ + O (lEl?) (B-24)

replace equation (B — 24) in (B — 23) and make use of the auxiliary variable z; = (n; +d;) / (1 — 03)

N1 — dig1 =

ng—dy = (1—08)me+ % (1—=08)met (2(1 — o)yt + mey) (B-25)

0 e—1
t1 5" [Etmﬂ + (1_9 + 6) Eymiy +(1—65) Et??t+1zt+1]
1 6

s (1= 08w+ O ()

Notice that we use only the linear part of equation (B — 24) when we replace niy; — diy1
in the quadratic terms because we are interested in capturing the terms only up to second
order of accuracy. Similarly, we make use of the linear part of equation (B — 19) to replace
(ng —dy) = %m in the right hand side of equation (B — 25). Replace equation (B — 25) in
(B —19):

1
T = Kmecp+ SRy (2(1 —0)y +mey) (B-26)

e—1
+p |:Et7rt+l + <1_0 + 5) Eymioy + (1—068) Et7rt+1zt+1}

1 1(e—1)

—5 (1= 08) mz — 5 (m)? + 0 (Jl”)
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for

1-4
K= ( ) (1-6p5)
0
where z; has the following linear expansion:
2¢e —1
2t = 2 (1 — O') Yt + mcy + GBEt <1—Bﬂ-t+1 + Zt+1) + 0] (||£t||3) (B—27)
Define the following auxiliary variable:
1/e—-1 1
Ut:ﬂ't—i-2<1_9+€> F?+§(1_0/B)7tht (B—28)

Using the definition for vy, equation (B — 26) can be expressed as:

1 1
vt = RImey + S Rme 21 —0)y+me) + 5577? + BEwiq1 + O (||§tH3> (B-29)

which is equation (B — iv) in the previous section.
Moreover, the linear part of equation (B-29) is:

w7 = kmey + BE (1) + O <H§t”2)

which is the standard New Keynesian Phillips curve, inflation depends linearly on the real
marginal costs and expected inflation.

Replace the equation for the marginal costs (B-14) in the second order expansion of the
Phillips curve (B-29)

~ 1
V= Kyt + Keqr + KXV + 5671’% + (B-30)

1
"’5“ [nyytz + 2¢yqyiqe + quqtz] + BEwi1 + O (”ft”3)

where the coefficients of the linear part are given by

ky = kx(o+)
kg = K(1—=Xx)

and those of the quadratic part are:

2
ey = X(@+v)[2(1—0)+x(0+v)]+(1—7) XA =x) (@ +0)

1—-«
G = (=00 =0)+xlo )] - (1 -y L0 FD
Cqq = (1_X)2+(1—1/;)><21(1_;X)

Equation B-30 is a recursive second order representation of the Phillips curve. However, we
need to express the price dispersion in terms of inflation in order to have a Phillips curve only

32



as a function of output, inflation and the oil shock. Equation B-30 can also be expressed as
the discounted infinite sum:

oo
_ ~ 1 1
vy, = Z gtto {Fayyt + Kqqt + KXVA: + 557? + gk [eyyyi + 2¢yqiat + Coqdi ] } + (HEtH3>
t=t,

after making use of equation B-18, the discounted infinite sum of ﬁt, ve, becomes

SN 1 1
= Z Bhte {’fyyt + Kqqt + 55 (14 xv) W% + 5” [nyyg + 2¢yqyqe + quth] } T xvb — 30 to—l‘i‘(”ftu )
t=to
(B-31)
This is the Phillips curve expressed as a infinite sum of output, inflation and oil shock.
B.3 A second-order approximation to utility
The expected discounted value of the utility of the representative household
Uy, = E, Z Bt [u (Cy) — v (L)) (B-32)
t=to
The first term can be approximated as:
— 1
w(Cy) = T, {ct +5(1-0) cz} Y tip.+ O (Hgtui”) (B-33)
Similarly, the second term:
— 1
v(Ly) = Loz {zt +5(1+v) z,?} Y tip. 4+ O (H&H?’) (B-34)
Replace the equation for labour in equilibrium in B-34:
_ 1 ~ .
v (L) = Lvg {vyyt + ivyyyf + VyqYtqr + ’UAAt} +ti.p.+ O <||§t||3) (B-35)
where:
vy = 1—=0(v+o)
Vyy = (1+U)(1-5(U+0’)) +§1_7¢X26(0'+’U)2
11
vy = (1+0)6(1=6(v+0)) — 51_71/3852 (o +)
VA = X
1—-a
We make use of the following relation:
Lo, =(1-®)(1 —a)Yu, (B-36)
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where & =1 — #_Tl) is the steady state distortion from monopolistic competition. Replace
the previous relation, equation B-33 and B-35 in B-32, and make use of the clearing market
condition: C; = Y;

U= ¥ 30570 (s + g + v+ usBe) i+ 0 (I6N7) (@37
t=to
where
u = 1-(1-2)(1-a)v, =P
ty = 10— (1-®)(1-@) vy =1-0—(1-B1)v,/(1-5(v+0)
Uyg = —(L=@)(1—a)vyg=—(1—-Pr)vyy/ (1 -0 (v+0))
un = —(1-9d)1—-@)va=—-(1-P)x
where we make use of the following change of variable:
o;=1-(1-®)(1—-a)(1 -0 (v+o0)) (B-38)

where @ is a wedge between consumption and labor in the utility function in steady state.
Replace the present discounted value of the price distortion (B-18) in B-37:

o0
_ - 1 1 .
U, = Yu.E,, § Bt <uyyt + 5uyyyf + UyqYeqr + 2Uﬂ-7rt2) +tip.+ O (Hqt||3> (B-39)

t=to

where . .
Upr = —up = — (1 — @) x—
K K
Use equation B-31, the second order approximation of the Phillips curve, to solve for the
expected level of output:

o [e.9]
_ 1 _ 1 1
Z Bitoy, = - Z Bt-to {qut + 3¢ (1+ xv) w2 + of [cyyyt2 + 2¢yqYrqr + cqqqf] }
t=to Y t=t,
1 ~
+— (v, = x0 (1= 0) By, ) + (IlE)1°) (B-40)
y

Replace equation B-40 in B-39 to express it as function of only second order terms:

> (1 . 1 _
Uy, = —QE, Y gt <2Ay (ye —y)? + 2@@) + Ty, +tip.+ O (Hthg) (B-41)

t=to

which is equation B-36 in the text, where:

K
Ay = Pr—cyy — uyy
Ky
1
VS O . C) N
Ky

K
P Cyg — Uyg

K
P Cyy — Uyy
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additionally we have that Q = Y, and T}, = YEC%WD
Make use of the following auxiliary variables:

wi = (1—0)®r+ x(0+0)
1—x oo
= 1—-®p) ———
ap) X (0 +v) _a"’( L)l—mpa
wy = Proa

then, Ay, Ar and y; can be written as a function of wi, wo and w3

/\y = wl—l—(l—w)wQ

€
Ap = W[Wl+(l_¢)w3]
« _1=x Wl—(l—w)ﬁ“&
o= X(o+v) | wi+(1—1)ws a

using the definitions for y, y; can be expressed as:

. (1+9v a i
Y= <a+v><1—a+n> (B-42)

(1-¢) (1 -a)ws
(I=x)wr = (1 =9)xwa

Denote o, the efficient share in steady state of oil in the marginal costs, where

where

Ui

[a}
1+n

. 14w o
yt__<a+v><1—oz*>qt (B-43)

Note from the definition for n that when ¢ = 1, then n =0, o =@ = o and y; = y;'. For a
Cobb-Douglas production function the efficient level of output equals the natural level. Also,
when ¢ < 1, then n > 0, o < @ and |y/| < |y;'|. For the elasticity of substitution between
inputs lower than one, the efficient level fluctuates less to oil shocks than the natural level.
Also note that even when @ is equal to zero, which summarises the effect of monopolistic
distortions on the wedge between the marginal rate of substitution and the marginal product
of labour, 7 is still different than zero for ¥ # 1. This indicates that the efficient level of output
still diverges from the natural level even if we eliminate the effects of monopolistic distortions.
In the same way, the natural rate of output can be expressed as:

Yy = — (1;;/;0) (1 fa) a (B-44)
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Similarly, we can simplify A = A, /Ar as:

A Ky (1 — oY
. e

where we use the auxiliary variable:

- [0y

Note that when ¢ = 1, then v = 1 and when ¢ < 1, then v = 1 since wy > ws.

C Appendix: Optimal monetary policy

C.1 Optimal response to oil shocks

The policy problem consists in choosing x; and m; to maximise the following Lagrangian:

(e.0)
L=-E, {Z Gl {2)‘1’% + 57%2 — ¢y (1t — Ky — BEmsn — we) | + @y, (1, — Wto)}

t=to

where 3'~'° ¢, is the Lagrange multiplier associated with the constraint at time t
The first order conditions with respect to m; and y; are respectively

T = P11 T P (C‘l)
ATy = Ky (C-2)
and for the initial condition:
Ty, = T,

where 77 is the initial value of inflation which is consistent with the policy problem in a
"timeless perspective".
Replace conditions C-1 and C-2 in the Phillips Curve:

BEpri1 — [(14+B) A+ k2] o + Aoy = Ay (C-3)

this difference equation has the following solution? :

o0 ..
Pt = TePt—1 — Ty ijo Bl Eyug (C-4)

where 7, is the characteristic root, lower than one, of C-3, and it is equal to

1
TW:Z_UZQ_E

9See Woodford (2003), pp. 488-490 for details on the derivation.
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R

2
for Z = ((1 +5)+ 7”) /(2p3). Since the oil price follows an AR(1) process of the form:
a4t = pgi—1 + &
and the mark-up shock is: u; = wq;, then u; follows the following process:
ur = put—1 + @&, (C-5)

Solution to the optimal problem: Taking into account C-5, equation C-4 can be expressed

as:
Or = TP 1~ Pt (C-6)
where: -
b=t
1 —Btyp

Initial condition: Iterate backward equation (C-6) and evaluate it at ¢, — 1, this is the
timeless solution to the initial condition ¢;  :

Pr,—1 = —9E0 (m0)" at,—1-k (C-7)

which is a weighted sum of all the past realisations of oil prices.

Equations (C-1), (C-2), (C-6) and (C-7) are the conditions for the optimal unconstrained
plan presented in proposition 3.5. Impulse responses An innovation of &, to the real oil
price affects the current level and the expected future path of the Lagrange multiplier by an

amount: - 1
P - (r)
EtSDtJrj - Etflgpt+j = ——Soﬁbft
P—Top
for each j > 0. Given this impulse response for the multiplier. (C-1) and (C-2) can be used to
derive the corresponding impulse responses for inflation and output gap:

Pj+1 - (Tcp)j+1 P] - (Tw)j
Eimiyj — B amer; = - 3
J J p—T, p—T7, t
iy P = (r) ™!
Ewiri — Eryry = ——2 L4
tYt+j t—1Yt+j \ p—T4 3

which are expressions that appear in the main text.

C.2 The optimal non-inertial plan

We want to find a solution for the paths of inflation and output gap such that the behaviour
of endogenous variables is function only on the current state. That is:

T = T+ frug (C-8)
T = T+ fow (C-9)
$r = P+ fnput (C—lO)
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where the coefficients 7,7, 9, fr, f» and f, are to be determined
Replace (C-8), (C-9) and (C-10) in the Lagrangian and take unconditional expected value:

o INE+ fow)® + 5 (T + frue)?
~E(L,) = E{E,» B _ (1—-B)T — kT
t=to a (SO * f¢Ut) < + (1 - Bp) fﬂ'ut — Ut — Hyfxut >
+E (2 + four,—1) [T + frus,]) (C-11)

suppressing the terms that are independent of policy and using the law of motion for u;, this
can be simplified as:

B 1 L, 1 _
Bll) = 5 M) SR (AT kD)
1 o2 1 o2
3105 O 4 122) = 3 1 (1 80) = 1
+posfofn

the problem is then to find 7, %, @, fr, f» and f, such, that they maximise the previous expres-
sion. These coefficients are:

T = T=p=0

£o= AL —p)

" A(L=Bp) (1= p) + K

fo = - -

’ A(L=Bp) (1 —p) + K
A

fga =

N1 Bp) (L—p) + 12

which is the solution to the optimal non-inertial plan given in proposition 3.6.
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