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Introduction

Introduction

The supply chains of many industries have become more complex and
introduced new input combinations over time.
For example, agricultural machinery now relies on satellites, sensors,
electronic components, computer hardware and software.
Most of these changes in supply chains would not have been possible
without Moore’s Law.
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Example I: Automobile Electronics

Source: Clemson Vehicular Electronics Laboratory
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Example II: Warehouse Robots

Photo Credit: Joel Eden Photography/Kiva Systems

Azar (FRBNY) Miniaturization and Growth October 2023



Introduction

Questions

How do physical constraints affect industries’ supply chains ?
What is the effect of electronic miniaturization on TFP Growth?
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Introduction

This Paper

A tractable model of production with physical constraints.
Firms can combine sets of inputs, as long as these sets satisfy some
combinatorial constraint depending on inputs’ physical properties.
Under standard assumptions, output grows with the number of
feasible input combinations.
Structural Simulation: Between 13% and 22% of productivity growth
in the 1960-2019 period can be attributed to physical changes in the
size of electronic components. This effect is highest during the 1990s.
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The Model: Market Structure

Firms in each industry produce one good, and all markets are competitive.
There are two types of industries.

1 Primary industries, indexed by j ∈ J = {1, ..., J}. Each primary good
is produced using other primary goods and labor as inputs, and has a
size θj ∈ R≥0.

2 A final industry. The final good is produced using a subset S ⊂ J of
primary goods, and labor.
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Introduction

The Model: Primary Industries

Each primary industry j has a strictly concave, continuous and
increasing production function with constant returns to scale

Yj = Fj((Xjk)
J
k=1, Lj). (1)

Xjk is primary industry j ’s demand for industry k’s good, and Lj is its
labor demand.
I treat the vector of physical properties θj as exogenous. However,
there may be common factors affecting the properties of multiple
primary industries, so that

(θ1, ..., θJ ) = Θ(ζ) (2)

where ζ ∈ Rq is a vector of common factors, and Θ : Rq → RJ×p.
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Primary Industries: Leontief Example with Size Spillovers

Primary industry j has a Leontief production function

Yj = min{AjLj , min{Xjk
αjk
}}.

To produce one unit of good j , firms need to use αjk units of good k.
Size is additive, so that

θj =
J∑

k=1
αjkθk + ζj

where ζj ∈ R is some idiosyncratic factor affecting good j ’s size.
If (I − α) is invertible, then

θ = Θ(ζ) = (I − α)−1ζ.
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The Model: Final Industry Production

The final industry has access to a menu of production functions

Y (S) = A(S)F (S, (Xj)j∈S , L) (3)

where
S ⊂ {1, ..., J} denotes industry i ’s set of suppliers;
A(S) is a Hicks-Neutral productivity shifter;
F is increasing, strictly concave and has constant-returns to scale
L is the amount of labor used
X = {Xj}j∈S is the vector of primary good demands.

The dependence of the productivity term A(S) on S is the crucial
feature of the model. By combining a richer set of inputs an
intermediate industry may achieve a greater level of productivity.
However, not all subsets S are feasible...
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The Model: Final Industry Constraint

The input set S of the final
industry must satisfy the
Knapsack constraint∑

j∈S
θj ≤ τ .

I denote the collection of of all
feasible subsets by

F(θ, τ ) = {S ∈ 2J :
∑
j∈S

θj ≤ τ}.
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The Model: Households

There is a representative household which only consumes the final
good. Its utility function is U(Cf ).
The representative household has one unit of labor endowment, which
it supplies inelastically.
The wage is the numeraire, so that W = 1.
Denoting the price of the final good by Pf , the household’s budget
constraint is given by

Pf Cf ≤ 1.

Azar (FRBNY) Miniaturization and Growth October 2023



Equilibrium

Equilibrium Definition

Equilibrium An equilibrium is a tuple (P∗, S∗, C∗, L∗, X ∗, Y ∗) such that
1 Firms choose S∗, L∗, X ∗ to minimize unit costs, taking

P∗ as given
2 Prices equal firms’ unit costs
3 Households choose C∗ to maximize utility subject to

their budget constraint, taking P∗ as given
4 All markets clear
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Equilibrium

Equilibrium: Primary Firms’ Problem

A firm in primary industry j faces a standard cost-minimization
problem

Kj(P) = min
Xjk ,Lj

J∑
k=1

PkXjk + Lj

Subject to: Fj(Xj , Lj) ≥ 1.

Since Fj is strictly concave, this has a unique solution X ∗j , L∗j .
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Equilibrium

Equilibrium: Assumption I

Assumption (Assumption 1)
There exists a positive vector P∗pri = (P∗1 , ..., P∗J ) such that P∗pri = K (P∗pri ).

Assumption 1 is clearly necessary for the existence of equilibrium.
If K is strictly concave, then such P∗pri is unique (Kennan, 2001).
Even if production is Leontief and Kj(Ppri ) =

∑J
k=1 αjkPk + Lj is

linear, prices are unique and given by

P∗pri = (I − α)−11

when (I − α)−1 exists and all of its entries are non-negative.
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Equilibrium

Equilibrium: Final Firms’ Problem I

We want to compute the cost function K (P, τ ) of the final industry.
We can break the cost minimization problem into two parts:

1 For a fixed S, define a cost function K (S, P, A, τ ) given by

K (S, P, A, τ ) = min
(Xj )j∈S ,L

∑
j∈S

PjXj + L,

Subject to :
A(S)F (S, (Xj )j∈S , L) ≥ 1

2 The chosen set of suppliers minimizes the unit cost function:

S∗ ∈ arg min
S∈F(θ,τ )

K (S, P, A(S), τ ).

The cost function K (P, τ ) = K (S∗, P, A(S∗), τ ).
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Equilibrium

Equilibrium : Final Firms’ Problem II

The cost function K (P, τ ) = K (S∗, P, A(S∗), τ ).
We can decompose this into a random factor, and a deterministic
component (which may depend on S).
More formally, we can write

K (P, τ ) = 1/A(S)︸ ︷︷ ︸
Random Productivity

× K (S, P, τ )︸ ︷︷ ︸
Deterministic Cost

.

.
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Equilibrium

Equilibrium: Assumption II

Assumption (Assumption 2)
The idiosyncratic productivity terms (A(S))S⊂F(θ,τ ) are drawn identically
and independently from a Frechet Distribution with CDF

Pr [X ≤ x ] = e−x−κ ,

where κ > 1.

Assumption 2 will allow us to tractably compute output and primary
good demands.
The Assumption can be relaxed so that A(S) = φ(S) ·ψ(S, τ ), where
φ(S) is a Frechet random variable, and ψ(S, τ ) is some deterministic
productivity associated with set S and sector τ .
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Equilibrium

Equilibrium Characterization: Output

Theorem

Suppose Assumptions 1 and 2 hold. Then an equilibrium exists, and

Y = φ · (
∑

S∈F(θ,τ )
K (S, P, τ )−κ)

1
κ

where φ is a Frechet Random Variable with shape parameter κ.

Intuition: Similar to Eaton-Kortum (2002).

Final industry firms will choose the set S which minimizes K (S,P,τ )
A(S) .

This is equivalent to maximizing A(S)
K (S,P,τ ) .

The reciprocal cost function is Frechet, with shape κ and scale
1

K (S,P,τ ) .
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Equilibrium

Special Case: Unit Prices

Theorem

Suppose Assumptions 1 and 2 hold. Then an equilibrium exists, and

Y = φ · (
∑

S∈F(θ,τ )
K (S, P, τ )−κ)

1
κ

where φ is a Frechet Random Variable with shape parameter κ.

Suppose that the deterministic costs are K (S, P, τ ) are all equal to 1.
Then Y = φ · |F(θ, τ )| 1κ .
In this case, output is a function of the number of feasible sets
satisfying the knapsack constraint.
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Emprical Analysis

Questions

How do physical constraints affect industries’ supply chains ?
What is the effect of electronic miniaturization on TFP Growth?

Azar (FRBNY) Miniaturization and Growth October 2023



Emprical Analysis

Data

To answer these questions, I combined data from three sources:
1 Product-level Quantity, Price, and Weight (IHS Markit, Census Import

Data). 2019 snapshot.
2 Industry productivity (NBER-CES Manufacturing Data). Every year

between 1958-2011.
3 Service Productivity Data from BLS (since 1987).

I will focus on heavy manufacturing industries (SIC codes 3401-3999)
as opposed to light manufacturing industries
(food,ceramic,glass,apparel,etc.), which are less likely to have
electronic components.
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Data Summary: Weight
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Data Summary: Volume
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Emprical Analysis

Data Summary: Density
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Data Summary: Price-Per-Lb
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Emprical Analysis

Structural Simulation: Extrapolating Electronic Weights

Take the weight θs(2019) of semiconductors in 2019 as exogenous.
Use Moore’s Law to extrapolate the weight
θs(t) = 2 1

1.5 ·(2019−t)θs(2019) of semiconductors at time t. Let

∆θs(t) = θs(t)− θs(2019).

Compute the effect the spillover effect of semiconductor
miniaturization on the weights of computers and electronics as

∆θE (t) = (I − αE )
−1∆θs(t)

where αE is the input-output matrix restricted to computers and
electronics industries.
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Emprical Analysis

Structural Simulation: Computing Changes in Productivity
As we go back in time and semiconductors grow exponentially, some
machines which are feasible to build in 2019—such as cars with
assisted navigation—become infeasible.
At the industry level, this means that machine-producing industries
become less productive because they have fewer feasible input
combinations that they can turn into products.
The expected change in productivity when product weights shift from
θ to θ′ is

∆ log Ai =
1
κ
(log |F(θ′, τi )| − log |F(θ, τi )|).

Domar Aggregation Yields

∆ log GDP =
N∑

i=1
Di ∆ log Ai

where Di =
Pi Yi
GDP is industry i ’s Domar weight.
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Estimating κ−1
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Emprical Analysis

Structural Simulation: Electronic Miniaturization and
Productivity Growth
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Emprical Analysis

Structural Simulation: Electronic Miniaturization and
Productivity Growth: Manufacturing
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Emprical Analysis

Structural Simulation: Electronic Miniaturization and
Productivity Growth: Services
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Emprical Analysis

Extension I: Multiple Industries

In practice, there is more than one industry which uses primary
materials.
We can think of different industries Yτ whose products have different
sizes τ .
For example, biotechnology and nanotechnology industries would have
τ ≈ 10−9m. Industrial machinery would have τ ≈ 10m. Aviation
would have τ ≈ 100m.
We can define final output as a standard CES aggregator

Y = (
∫ ∞

0
Y

β−1
β

τ dτ )
β

β−1
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Emprical Analysis

Extension II: Other Combinatorial Constraints

(a) Facility Location (b) Matching Constraints
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Conclusion

Further Results

More general constraints and physical properties
Reduced Form Evidence
Growth Model
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Conclusion

Future Work

Use microdata on semiconductor competition to estimate oligopoly
model with endogenous growth.
Explore other combinatorial constraints (Bank Facility Location,
Effect of Containerization on Trade)
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